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ABSTRACT 


This  thesis  represents  an  attempt  on  the  part  of  the  author 
to  present  a  needed  systematic  exposition  of  topics  occurring  in  the 
mainstream  of  proximity  spaces.  Shortly  after  Efremovi^  introduced 
proximity  spaces  in  1951*  Smirnov  compiled  a  survey  of  the  subject  in 
Russian.  Since  then,  numerous  papers  have  appeared  introducing  such 
new  ideas  as  clusters  into  proximity  theory.  Clusters  play  a 
fundamental  role  in  the  development  of  proximity  spaces,  and  the 
relationship  found  by  Warrack  and  Naimpally  between  clusters  and 
ultrafilters  simplifies  the  theory  considerably.  Moreover,  advantage 
of  hindsight  has  been  taken  to  simplify  several  of  the  proofs  in 
the  first  two  chapters. 

In  Chapter  III,  the  concept  of  a  Cauchy  cluster  is  introduced 
and  is  used  to  present  a  new  approach  to  the  completion  of  a  uniform 
space . 

In  order  to  minimize  the  number  of  discontinuities,  no 
references  appear  in  the  main  body  of  the  thesis.  Instead,  these 
references  are  collected  in  the  notes  at  the  end  of  each  chapter, 
as  well  as  in  the  historical  background.  A  reasonably  complete 
bibliography  of  the  literature  on  proximity  spaces  is  also 


included . 
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HISTORICAL  BACKGROUND 


The  germ  of  the  theory  of  proximity  spaces  showed  itself  as 
early  as  1908  at  the  mathematical  congress  in  Bologna,  when  Riesz  [85] 
discussed  various  ideas  in  his  ’’theory  of  enchainment"  which  have  today 
become  the  basic  concepts  of  the  theory.  The  subject  was  essentially 
rediscovered  in  the  early  1950rs  hy  EfremoviJf  [I7,  18]  when  he  axiomatically 
characterized  the  proximity  relation  "A  is  near  B"  for  subsets  A,B 
of  any  set  X  .  The  set  X  together  with  this  relation  was  called  an 
infinitesimal  (proximity)  space,  and  is  a  natural  generalization  of  a 
metric  space  and  of  a  topological  group.  A  decade  earlier  a  study  was 
made  by  each  of  Krishna  Murti  [47],  Wallace  [103,  104]  and  Szymanski  [101] 
concerning  the  use  of  "separation  of  sets"  as  the  primitive  concept.  In 
each  case  similar,  but  weaker,  axioms  than  those  of  Efremovi^  were  used. 
Efremovicf  later  used  proximity  neighbourhoods  to  obtain  an  equivalent 
set  of  axioms  for  a  proximity  space  and  thereby  an  alternative  approach 
to  the  theory. 

Defining  the  closure  of  a  subset  A  of  X  to  be  the  collection 
of  all  points  of  X  "near"  A  ,  Efremovich  [18]  showed  that  a  topology 
can  be  introduced  on  a  proximity  space  and  that  we  obtain  in  fact  a 
completely  regular  (and  hence  uniformizable)  space.  He  showed  further 
that  every  completely  regular  space  X  can  be  turned  into  a  proximity 
space  with  the  help  of  Urysohnrs  function;  namely,  A  pt  B  iff  there 
exists  an  continuous  function  f  mapping  X  onto  [0,1]  such  that 
f (A)  =  0  ,  f (B )  =  1  .  Smirnov  [88]  subsequently  proved  that  every 
completely  regular  space  has  a  maximal  associated  proximity  space,  and  that 


' 


'  ■  ■  ■’ 


■ 


(iv) 


it  has  a  minimal  associated  proximity  space  if  and  only  if  it  is  locally 
compact . 

More  recently,  Goetz  [26]  has  introduced  a  notion  similar  to 
that  of  proximity  in  a  Frechet  L-space  to  obtain  what  he  terms  a  U  L  - 

ro 

space.  This  is  accomplished  by  defining  a  nearness  relation  on  the  set 
of  all  sequences  from  a  Frechet  L-space.  However,  as  opposed  to  the 
complete  regularity  of  a  proximity  space,  a  U  L  -  space  need  not  even 

r\j  r\j 

be  a  topological  space.  Poljakov  [83]  and  Goetz  [27]  have  since  carried 
out  further  investigations  in  this  area,  and  discuss  the  connection  between 
this  notion  and  the  proximity  of  Efremovi^.  !fvarc  [19]  had  earlier 
introduced  a  nearness  relation  on  the  set  of  all  nets  from  a  given 
space . 


In  order  to  study  mappings  of  one  proximity  space  to  another, 
it  was  natural  for  Efremovic  to  introduce  the  concept  of  a  proximity 
mapping.  Defined  to  be  a  mapping  which  preserves  the  proximity  of  sets, 
this  is  a  natural  generalization  of  a  continuous  mapping  in  a  topological 
space  since  the  latter  preserves  the  proximity  of  points.  It  is  readily 
verified  that  a  proximity  mapping  between  two  proximity  spaces  is 
continuous  with  respect  to  the  induced  topologies.  Pervin  [78]  later 
revealed  that  the  converse  holds  if  the  domain  proximity  space  is 
equinormal . 

In  1952,  Smirnov  [88]  pursued  extensions  of  proximity  spaces 
and  in  particular  answered  Alexandrof f ' s  query!  "Which  topological 
spaces  admit  a  proximity  relation  compatible  with  the  given  topology?". 

He  discovered  the  connection  between  the  Hausdorff  compat if ication  of 
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a  Tychonoff  space  and  the  compatible  proximity  relation,  showing  that  "a 
topological  space  admits  a  compatible  proximity  relation  if  and  only  if 
it  is  a  subspace  of  a  compact  Hausdorff  space".  Using  the  "ends"  of 
Alexandroff  [A],  Smirnov  [88]  obtained  the  compactif ication  of  a  proximity 
space  X  by  identifying  each  point  x  e  X  with  the  end  consisting  of 
all  proximity  neighbourhoods  of  x  and  showing  the  compact if ication  of 
X  to  be  the  set  of  all  ends  in  X  . 

The  concept  of  a  cluster,  the  analogue  in  a  proximity  space  of 
an  ultrafilter,  was  introduced  by  Leader  [48]  and  provides  an  alternative 
approach  to  many  proximity  problems.  In  particular,  Leader  [48]  obtained 
the  compactif ication  of  a  proximity  space  X  to  be  the  family  of  all 
clusters  from  X  .  Since  the  Smirnov  compactif ication  is  unique,  it  is 
evident  that  a  one-to-one  correspondence  exists  between  clusters  and 
ends.  In  fact,  Leader  [50]  proves  (without  resorting  to  compactif ication 
theory)  that  clusters  and  ends  are  dual  classes. 

Csasziar  and  Mrowka  [1^]  proved  a  stronger  result  regarding  the 
compactif icat ion  of  a  proximity  space,  namely:  Compactif ication  can 
be  effected  preserving  the  proximity  weight.  This  gives  rise  to  the 
following  interesting  metrization  theorem:  A  proximity  space  of 
proximity  weight  /V  is  metrizable.  Additional  solutions  to  the 
metrization  problem  were  offered  earlier  by  Svarc  [19],  who  used  the 
"sequence-uniformity"  method,  and  by  Ramm  and  Svarc  [84]  using  uniform 
proximity  covers.  More  recently,  Smirnov  [95]  has  used  both  the 
pseudo-metric  and  proximity  neighbourhood  approaches  in  deriving  necessary 
and  sufficient  conditions  for  metrizability . 


. 
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Using  the  alternate  set  of  axioms  for  uniform  spaces  involving 
uniform  coverings,  Smirnov  [88]  showed  that  every  proximity  (p-) 
equivalence  class  of  uniform  structures  contains  a  coarsest  or  minimal 
member,  which  is  also  the  unique  totally  bounded  structure  of  the  class. 
Moreover,  this  is  the  only  structure  on  which  the  proximity  space  is 
continuable  to  the  compact  proximity  extension.  Finally,  he  showed 
there  is  an  isomorphism  between  the  partially  ordered  set  of  proximities 
on  a  given  completely  regular  space  and  the  partially  ordered  set  of  all 
its  compactif ications,  which  reduces  the  theory  of  proximity  spaces  to 
that  of  compactif ications „ 

In  1959?  Gal  [25]  continued  the  pursuit  of  the  relationships 

between  uniform  structures  and  proximities,  and  proved  there  is  a 

natural  order-preserving  one-to-one  correspondence  between  totally 

bounded  (precompact)  structures  and  proximity  relations.  Gal  also 

showed  that  there  is  a  one-to-one  correspondence  between  the- 

compactif ication  of  a  uniformizable  space  and  the  totally  bounded 

uniform  structures  which  are  compatible  with  its  topology.  Again,  this 

yields  a  one-to-one  map  between  the  Hausdorff  compactif ications  and  the 

separated  structures.  He  also  presents  the  following  basic  theorem: 

"Two  subsets  of  X  are  far  with  respect  to  the  proximity  relation 

corresponding  to  the  totally  bounded  structure  U  if  and  only  if  they 

*\/ 

have  disjoint  closures  in  the  compactif ication  of  X  relative  to  U  ". 

In  the  same  year,  Alfsen  and  Fenstad  [4]  paralleled  the  work 
done  by  Gal  and  treated  many  of  the  problems  of  EfremoviJf  and  Smirnov 
in  the  framework  of  WeilTs  uniform  structure.  Using  maximal  regular 
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filters  Alfsen  and  Fenstad  perform  completion  and  compactif icat ion, 
showing  that  there  exists  a  maximal  completion  amongst  all  the  completions 
determined  by  the  structures  of  a  given  proximity  equivalence  class.  This 
naturally  raises  the  question  as  to  whether  there  always  exists  a  minimal 
completion,  which  is  equivalent  to  asking  if  there  exists  a  finest  (or 
maximal)  uniform  structure  in  a  given  proximity  equivalence  class.  This 
question  is  answered  affirmatively  by  Smirnov  [88]  for  the  case  in  which 
the  proximity  space  is  metrizable.  That  the  answer  is  in  general  negative 
was  first  shown  in  I96I  by  Dowker  [16],  He  unveiled  an  example  of  a 
proximity  space  (a  product  of  two  infinite  spaces  with  the  product 
proximity  structure)  which  has  no  finest  uniform  structure  inducing  its 
proximity . 


The  key  concept  in  any  completion  theory  for  proximity  spaces 
is  that  of  "small"  sets,  which  can  be  introduced  by  means  of  pseudo¬ 
metrics,  uniform  structures  or  uniform  coverings.  Leader  [49]  uses  the 
first  device  to  define  a  local  cluster,  while  Warrack  and  Naimpally  [106] 
use  the  second  to  define  a  Cauchy  cluster.  They  obtain  the  completion 
to  be  the  family  of  all  local  (resp.  Cauchy)  clusters  in  X  ,  a  sub¬ 
space  of  the  family  of  all  clusters  which  Leader  showed  to  be  the  Smirnov 
compactif ication.  In  [89,90]?  Smirnov  uses  uniform  5-coverings  to 
introduce  the  concept  of  a  complete  uniform  space  and  proves  that  every 
proximity  space  admits  a  minimal  completion  of  this  kind.  Thus  the 
general  existence  of  a  minimal  completion  is  established,  but  with  the 
sacrifice  of  the  one-to-one  correspondence  between  uniform  structures 


and  completions. 
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This  is  regained  in  the  work  of  Alfsen  and  Njastad  [6],  who  in 
I963  gave  yet  another  example  of  a  p-equivalence  class  lacking  a  finest 
uniform  structure.  (Further  examples  are  to  be  found  in  Leader  [51], 
Fenstad  [21]  and  Isbell  [39]*)  This  then  led  to  the  notion  of  generalized 
uniform  structures  by  replacing  the  "intersection"  axiom  by  a  less 
restrictive  one.  They  prove  that  for  generalized  uniform  structures  the 
answer  to  Smirnov's  problem  is  affirmative,  and  give  an  explicit 
characterization  of  those  generalized  uniform  structures  which  occur  as 
the  finest  member  of  their  respective  p-equivalence  classes.  These  are 
called  the  total  structures,  and  it  is  shown  that  the  class  of  total 
generalized  uniform  structures  comprises  all  ordinary  metrizable  (or 
pseudo-metr izable )  uniform  structures.  They  obtain  a  general  character¬ 
ization  of  proximity  continuity  by  means  of  uniform  continuity,  and  as 
particular  consequences  show  Efremovic's  result  that  metric  uniform 
continuity  is  equivalent  to  metric  proximity  continuity,  and  Alfsen  and 
Fenstad' s  result  that  totally  bounded  uniform  continuity  is  equivalent 
to  proximity  continuity.  They  prove  that  every  generalized  uniform 
space  can  be  completed  and  establish  a  one-to-one  correspondence 
between  generalized  uniform  structures  and  proximity  space  completions. 

In  particular,  the  minimal  completion  of  a  proximity  space  is  obtained 
by  completion  of  the  finest  generalized  structure  compatible  with  the 
proximity  structure. 

In  the  same  year,  Njastad  [72]  further  developed  the  concept 
of  a  generalized  uniform  structure.  He  first  notes  that  the  collection 
of  all  generalized  uniform  structures  on  a  set  and  the  collection  of  all 
proximity  structures  on  a  set  form  complete  lattices  when  ordered  by  the 
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relations  "finer  -  coarser",  and  that  lattice  sums  and  products  are 
compatible  unlike  the  case  in  which  the  usual  uniform  structures  are 
considered.  Moreover,  he  establishes  the  existence  and  compatibility 
of  initial  (final)  generalized  uniform  structures  and  initial  (final) 
proximity  structures.  He  proves  that  if  the  uniformity  is  replaced 
by  the  associated  proximity,  then  uniform  convergence  implies  convergence 
in  proximity,  a  notion  introduced  by  Leader  [49].  Convergence  in 
proximity  implies  uniform  convergence  if  the  associated  total  uniformity 
is  used  in  place  of  the  proximity.  Moreover,  for  a  generalized  sequence 
(or  net)  of  functions  with  a  linearly  ordered  index  set,  the  two  forms 
of  convergence  are  equivalent.  In  1965;  Hursch  [53]  formulated  a  new 
concept,  height ,  to  help  clarify  the  order  structure  of  p-equivalence 
classes  of  uniformities. 

As  previously  mentioned,  some  authors  have  worked  with  weaker 
axioms  than  those  of  Efremovich,  enabling  them  to  introduce  an  arbitrary 
topology  on  the  underlying  set.  With  such  generalized  proximities  as 
qu4si-pr oximity,  paraproximity,  pseudo-proximity  and  local  proximity 
already  existing  in  the  literature,  one  almost  wonders  if  a  generalized 
proximity  relation  may  be  defined  for  each  prefix  which  can  possibly  be 
attached  to  the  word  "proximity".  In  1963?  both  Pervin  [76]  and  Leader 
[52]  independently'  studied  generalizations  of  Efremovich* s  original  set 
of  axioms.  Pervin  neglected  the  symmetry  condition,  obtaining  what 
he  called  a  quasi-proximity  space.  As  well  as  omitting  the  symmetry 
condition.  Leader  also  used  a  weakened  form  of  the  "Strong  Axiom"  to 
arrive  at  a  topological  d-space.  It  was  shown  that  every  topological 
space  can  be  derived  from  a  generalized  proximity  space  (X,5)  of 
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either  form  by  defining  the  binary  relation  6  as  follows:  A  6  B  iff 
A  n  B  ^  p  .  Conversely,  every  quasi-proximity  or  topological  d-space 
becomes  a  topological  space  if  the  closure  operator  is  defined  by 
c(A)  =  [x  *.  [x]  5  A}  .  Lodato  [5 6]  later  added  symmetry  to  Leader’s 
set  of  axioms  to  obtain  a  symmetric  binary  relation  which  we  shall  refer 
to  as  a  Lodato  proximity.  He  found  that  every  set  with  a  Lodato 
proximity  defined  on  it  satisfies  the  Rq  axiom  (i.e.  every  open 
set  contains  the  closure  of  each  of  its  points),  and  that  given  any 
Rq  space  we  obtain  a  Lodato  proximity  compatible  with  the  given 
topology  if  we  define  A  5  B  iff  A  f|  B  ^  . 

Around  the  same  time,  Hayashi  [30]  introduced  the  notion  of 
"paraproximity"  by  replacing  the  word  "finite"  by  "arbitrary",  and 
thereby  strengthening  Efremovic’s  "union"  axiom  to  read:  For  an 
arbitrary  index  set  A,  (  U  A^)&B  iff  A  6  B  for  some 

|j.  €  A  ,  He  showed  that  a  paraproximity  space  is  a  completely  normal 
space  X  if  we  define  G  to  be  an  open  set  if  and  only  if  G  p  (X  -  G 
A  completely  normal  space  becomes  a  paraproximity  space  if  we  define 
A  5  B  iff  A  f|  B  ^  ft  .  Hayashi  [31]  also  discussed  a  generalized 
proximity  space,  which  he  called  a  pseudo-proximity  space,  with  even 
weaker  axioms  than  those  considered  by  Pervin  or  Leader.  He  proved  that 
every  such  space  can  be  topologized  and  that  every  topological  space 
induces  a  pseudo-proximity. 

Recently,  Leader  [54]  has  defined  a  local  proximity  space, 
in  which  both  "proximity"  and  "boundedness"  are  taken  as  primitive 
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terms.  The  proximity  spaces  of  Efremovic  are  the  special  cases  in 
which  all  subsets  are  bounded.  Just  as  every  proximity  space  can 
be  embedded  as  a  dense  subset  of  a  compact  Hausdorff  space,  it  is  shown 
that  every  local  proximity  space  can  be  embedded  as  a  dense  subset  of 
a  locally  compact  Hausdorff  space.  Leader  shows  that  every  proximity 
space  (X,5)  with  its  proximity  relation  localized  with  respect  to  any 
free,  regular  filter  from  (X,6)  gives  rise  to  a  local  proximity  space. 
Conversely,  every  local  proximity  space  arises  from  the  localization 
of  some  proximity  relation. 
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CHAPTER  I 


BASIC  PROPERTIES 


§1 .  Introduction 

In  a  topological  space  X  ,  the  topology  is  determined  by 
the  closure  axioms  concerning  the  relation  "x  is  a  closure  point  of 
A  c  X  ",  which  were  given  by  Kuratowski.  When  x  is  a  closure  point 
of  A  ,  we  may  say  that  "x  is  near  A  In  terms  of  this  nearness 
relation,  a  continuous  function  f'.X  -»  Y  may  be  described  as  one 
exhibiting  the  property:  if  x  is  near  A  then  f(x)  is  near  f(A)  . 
This  suggests  axiomatizing  the  relation  "A  is  near  B  "  for  subsets 
A  and  B  of  X  .  For  the  case  in  which  X  is  a  pseudo-metric  space 
with  pseudo-metric  d  ,  this  nearness  relation  can  be  defined  in  a 
natural  way.  Let  D(A,B)  =  inf  (d(a,b)  :  a  e  A,  b  €  B)  .  We  may 
then  define:  A  is  near  B  if  and  only  if  D(A,B)  =  0  .  In  terms  of 
D  ,  the  closure  of  a  set  A  is  A  =  (x  I  D(A,x)  =  0)  .  But  the 
nearness  relation  so  defined  goes  a  little  further.  Let  (Y,e)  be 
another  pseudo-metric  space,  E  be  defined  in  a  similar  manner  to  D  , 
and  f  be  a  function  from  X  to  Y  .  Then  f  is  uniformly  continuous 
if  and  only  if  D(A,B)  =  0  implies  E(f(A),f(B))  =  0  .  Thus  the  near¬ 
ness  relation  between  the  subsets  is  somehow  connected  with  uniformity. 

The  above  nearness  relation  (in  a  pseudo-metric  space)  satisfies 
the  following  properties,  where  we  denote  "A  is  near  B  "  by  A  5  B  : 


(i.i) 


A  6  B  implies  B  6  A  . 


. 


.  .  '  • 
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(1.2)  (A  U  B)  6  C  iff  A  6  C  or  B  5  C  . 

(1.3)  A  5  B  implies  A  /  (j)  ,  B  /  (j>  . 

(1.4)  A  /  B  implies  there  exists  a  subset  E  such  that  A  p  E  and 
(X  -  E)  ?  B  . 

(1.5)  A  f)  B  /  (j)  implies  A  6  B  . 

In  a  metric  space,  the  nearness  relation  also  satisfies 

(1.6)  x  6  y  implies  x  =  y  . 

(Strictly  speaking  one  should  use  the  notation  (xj  6  [y]  ,  but  we 
shall  simply  write  x  6  y  .) 

All  of  the  above  properties,  except  perhaps  (1.4),  are  immediate 
consequences  of  the  definition  of  the  nearness  relation.  To  verify  (1.4), 
we  note  that  if  A  ft  B  then  D(A,B)  =  €  >  0  .  If  we  let  E  =  [x  e  X  : 
D(x,B)  <  e/2)  ,  then  D(A,E)  >  e/2  ,  D(X  -  E,  B)  >  e/2  and  the  result 
follows . 

The  above  discussion  leads  to  the  following  definition  of  a 
proximity  space; 

X 

(1.7)  Definition.  A  binary  relation  5  on  2  is  called  a  proximity 
on  X  iff  6  satisfies  the  axioms  (l.l)-(l.5).  The  pair  (X,6)  is 


called  a  proximity  space. 
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Proximity  relations  satisfying  Axiom  (1.6)  will  be  referred 
to  as  "separated"  (or  Hausdor f f )  proximity  relations.  If  a  proximity 
is  derived  from  a  (pseudo-)  metric,  then  it  is  called  a  (pseudo- )  metric 
proximity. 

(1.8)  Remarks .  The  above  axioms  are  different  from,  although  equivalent 

to,  the  original  axioms  of  Efremovic.  The  reason  for  writing  the  axioms 
in  this  way  is  to  smoothen  the  transition  to  generalized  proximity  spaces. 

It  will  be  shown  presently  that  the  proximity  5  on  X  induces  a 
topology  t  =  t(5)  by  defining  the  closure  A  of  A  as  the  set 
(x  %  x  5  A]  .  It  will  be  seen  that  this  topology  is  always  completely 
regular;  in  fact  it  is  always  Tychonoff  if  Axiom  (1.6),  which  is 
equivalent  to  the  T^-axiom,  is  satisfied. 

Actually  it  would  be  sufficient  to  concern  ourselves  solely 
with  separated  proximity  spaces,  as  many  authors  do;  for  if  a  given 
space  fails  to  satisfy  condition  (1.6),  we  can  instead  consider  the 
separated  quotient  space  formed  by  the  equivalence  classes  consisting 
of  all  points  near  to  one  another.  However,  for  the  sake  of  generality, 
we  shall  not  assume  a  proximity  space  to  be  separated  unless  specified. 

It  is  also  known  that  if  (l.2)-(l.5)  ahd 

(1.2* )  A  6  (B  U  C)  iff  A  6  B  or  A  5  C 

are  satisified  by  a  relation  6’,  then  the  symmetry  axiom  (l.l)  is  equivalent 
to  the  complete  regularity  of  the  associated  topology.  By  this  we  mean  that 
t(6t)  need  not  satisfy  any  separation  axiom  unless  6'  is  symmetric,  in 
which  case  t(B’)  is  necessarily  completely  regular,  and  that  every  completely 


.  (A  6  x  x 
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regular  space  (X,t)  possesses  a  proximity  6  such  that  t  =  t(6)  . 

Axiom  (1.4)  plays  an  important  role  in  the  theory  of  proximity 
spaces,  but  is  omitted  or  replaced  by  a  weaker  condition  in  some 
generalized  proximity  spaces.  It  will,  therefore,  be  helpful  to  avoid 
the  use  of  this  axiom  as  far  as  possible.  We  shall  refer  to  this 
axiom  as  "the  Stroag  Axiom."  It  should  be  noted  that  the  order  of  the 
sets  in  the.  Strong  Axiom  is  important,  particularly  in  generalized 
proximity  spaces  in  which  (l.l)  is  not  satisfied.  We  shall  strictly 
observe  the  order,  even  in  proximity  spaces,  so  that  the  proofs  can  then 
be  carried  over  to  more  general  situations. 

Given  below  is  an  outline  of  a  number  of  examples  of  proximity 
spaces  other  than  a  (pseudo-)  metric  proximity  space.  Since  some  of 
these  will  be  carefully  taken  up  in  later  sections,  the  details  are  not 
verified  here. 

(1.9)  Example .  Just  as  discrete  and  indiscrete  topologies  can  be 

defined  on  any  set,  we  have  discrete  and  indiscrete  proximities.  If  we 
define  A  5^  B  iff  A  n  B  /  (j)  ,  then  6^  is  the  discrete  proximity 
on  X  .  On  the  other  hand,  if  A  B  for  every  pair  of  non-empty  sub¬ 
sets  A  and  B  of  X  ,  then  we  obtain  the  indiscrete  proximity  on  X  . 

(1.10)  Example.  Given  a  completely  regular  space  (X,t),  we  say  that 

subsets  A,B  of  X  are  functionally  distinguishable  iff  there  is  a 
continuous  function  f:X  —>  [0,1]  such  that  f(A)  =  0  and  f(B)  =  1  . 

We  may  then  define  a  proximity  6  by 
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(1.11)  A  ft  B  iff  A  and  B  are  functionally  distinguishable. 

For  details,  refer  to  Theorem  (2.10)  and  Remarks (3.14) . 

(1.12)  Example.  Given  a  uniform  space  (X,U)  ,  we  may  define  a  proximity  by 

r\j 

A  b  B  iff  for  every  U  £  U  ,  one  (and  hence  all)  of  the  three  following 
equivalent  conditions  is  satisfied: 

(i)  U[A] 

(ii)  U[A]  n  U[B]  /  (f 

(iii)  (A  x  B)  0  U  /  ()  . 

There  are  several  interesting  results  concerning  uniformities  and 
proximities  which  will  be  discussed  in  Chapter  III. 

(1.13)  Example .  If  (X, °,t)  is  a  topological  group  and  N  is  the 
neighbourhood  system  of  the  identity,  then  we  may  define 

A  5,  B  iff  for  every  N  e  Ns,  NAfiB/O 

J_  r'o  *  1 

A  second  proximity  b^  may  be  defined  by 

A  bg  B  iff  for  every  NeN,  AN  f|  B  ^  (|>  . 

In  general  the  two  proximities  b^  and  b^  differ.  They  coincide, 
however,  if  X  is  either  commutative  or  compact. 
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§2.  Topology  Induced  by  a  Proximity 

In  this  section  we  consider  the  topology  on  X  which  is  induced 
by  a  proximity  on  X  ,  and  study  its  elementary  properties.  Properties 
(i)  and  (ii)  of  the  following  lemma,  which  follow  directly  from  Axioms  (1.2) 
and  (1.4)  respectively,  are  useful  in  several  proofs. 

(2.1)  Lemma .  (i)  If  A  5  B,  A  c  C  and  B  c  D,  then  C  5  D  .  Hence 

X  is  near  every  non-empty  subset. 

(ii)  If  there  exists  an  x  such  that  x  5  A  and  x  5  B  , 

then  A  6  B  . 

(2.2)  Theorem.  If  a  subset  A  of  a  proximity  space  (X, 6)  is  defined 

to  be  closed  iff  x  6  A  implies  x  e  A  ,  then  the  collection  of 

complements  of  all  closed  sets  so  defined  yields  a  topology  t  =  t(6)  on 

X  . 

Proof:  Obviously  (j)  and  X  are  closed  sets.  Let  (A^  :  i  e  1} 

be  an  arbitrary  collection  of  closed  sets.  If  x  5  ^0  ^  A^ 
then  by  Lemma  (2.1),  x  5  A^  for  each  i  e  I  ,  i.e.  xeA^ 
for  each  i  e  I  since  each  A^  is  closed.  Thus  x  e  x  Q  1  1 

which  means  x Q  x  ^i  c^ose^°  Finally,  if  A^  and  Ag  are 
closed  and  x  5  (Ax  U  A  )  then  by  (1.2),  either  x  £>  Al  or 
x  5  Ag  .  But  A^  and  Ag  are  closed,  implying  that  x  e  A^ 
or  x  e  A2  ,  i.e.  x  €  ^  U  Ag)  .  Thus  Al  U  Ag  is  closed. 

(2.3)  Theorem.  Let  (X,5)  be  a  proximity  space  and  t  =  t(6)  .  Then 
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the  T-closure  A  of  a  set  A  is  given  by 

A  =  [x  I  x  5  A} 

Proof:  If  A  denotes  the  intersection  of  all  closed  sets 

containing  A  and  A^  =  [x  :  x  6  A]  ,  then  we  must  show  that 

&  5 

A  =  A  .  If  x  €  A  then  x  6  A  .  By  (2.1)  this  implies 

_  _  g 

x  &  A  and,  since  A  is  closed,  x  e  A  .  Thus  A  c  A  .  To 

prove  the  reverse  inclusion  it  suffices  to  prove  that  A^*  is 

5  5  .5 

closed,  i»e„  x  6  A  implies  x  €  A  .  Assuming  x  ^  A  , 

then  x  p  A  so  that,  by  the  Strong  Axiom,  there  is  a  set  E 

such  that  x  ft  E  and  (X  -  E)  A  .  Since  A  c  E  and 

x  ft  E  ,  it  follows  that  x  pi  A 

(2.4)  Corollary.  If  G  is  a  subset  of  a  proximity  space  (X,5),  then 

G  €  t(5)  iff  x  p  (X  -  G)  for  every  x  e  G  0 

(2.5)  Corollary.  If  A  and  B  are  subsets  of  a  proximity  space 

(X, 5),  then  A  ft  B  implies 

(i)  B  c  (X  -  A) 

(ii)  B  c  Int  (X  -  A) 

where  the  closure  and  interior  are  taken  with  respect  to  t(5)  . 

Proof:  (i)  follows  directly  from  (2.1).  To  prove  (ii), 

we  use  the  identity:  Int  (X  -  A)  =  X  -  A  .  Then  x  {  Int  (X  -  A) 

implies  x  e  A  ,  so  that  x  6  A  and  hence  x  {  B  . 
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(2.6)  Remarks .  Theorem  (2.3)  is  true  if  we  omit  the  Symmetry  Axiom  (l.l) 

and  add  (1.2’).  An  alternative  method  of  introducing  the  same  topology 
on  a  proximity  space  (X,S)  would  be  to  define  for  each  subset  A  of 

X  , 


(2.7) 


A  =  {x  :  x  6  A) 


and  show  that  is  a  Kuratowski  closure  operator  as  follows s 

(i)  By  (1.3),  x  p  (|>  implies  (j>  =  (j> 

(ii)  By  (1.5),  x  e  A  implies  x  6  A  ,  so  that  A  c  A 


(iii)  By  (1.2),  x  e  (A  U  3)  iff  x  8  (A  U  B)  iff  x  6  A 

&  ^  ^  ^ 

or  x  5  B  iff  x  e  A  or  x  €  B  iff  x  e  (A  U  B  )  .  Thus 

,  N5  5  5 

(A  U  B)  =  A  U  B  . 

(iv)  To  prove  (A  )  c  A  ,  suppose  x^A  ,  i.e.  x^A. 

Then  using  the  Strong  Axiom,  there  exists  an  E  such  that  x  p  E  and 

5  5 

(X  -  E)  p  A  .  Now  A  c  E  and  x  ^  E  ,  so  that  x  b  A  and 

x  {  (A6)5  . 


(2.8)  Lemma.  For  subsets  A  and  B  of  a  proximity  space  (X,6), 

A  5  B  iff  A  5  B  , 

where  the  closure  is  taken  with  respect  to  t(6)  . 


Proof?  Necessity  is  a  trivial  consequence  of  (2.1).  To 

prove  sufficiency,  suppose  A  p  B  .  Then  by  the  Strong  Axiom, 
there  exists  an  E  such  that  A  ft  E  and  (x  -  E)  ft  B  .  By 
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Corollary  (2.5),  B  c  E  and  by  (2.1),  A  p  E  implies  A  pi  B  . 

It  then  follows  from  the  Symmetry  Axiom  that  A  p  B  . 

(2.9)  Definition,  If  on  a  set  X  there  is  a  topology  t  and  a  proximity 
5  such  that  t  =  t(5),  then  t  and  6  are  said  to  be  compatible . 

(2. 10)  Theorem,  If  (X, t)  is  a  completely  regular  space,  then  the 
proximity  5  defined  by  (1,11),  namely  A  p  B  iff  A  and  B  are 
functionally  distinguishable,  is  compatible  with  t  .  If  (X, t)  is  a 
Tychonoff  space,  then  5  is  separated. 

Proof"  To  show  that  6  is  a  proximity  it  suffices  to  prove 

that  the  Strong  Axiom  is  satisfied,  since  the  other  proximity 
axioms  are  easily  verified.  Suppose  A  ft  B  and  let  f  be  a 

continuous  function  from  X  to  [0,1]  such  that  f(A)  =  0 

and  f (b)  =  1  .  Let  E  =  [x  e  X  :  1/2  <  f(x)  <  1)  .  Then 
A  ft  E  and  (X  -  E)  p  B  .  For  instance,  if  g  denotes  the 
self-mapping  of  [0,1]  defined  by 

g(y)  =  2y  0  <  y  <  1/2 

=  1  1/2  <  y  <  1 

then  g  (and  hence  gf)  is  continuous  and  gf  l  X  -»  [0,1]  , 

is  such  that  gf(A)  =  0  and  gf(E)  =  1  . 

To  see  that  6  is  separated  if  (X,t)  is  Tychonoff, 
we  note  that  if  x  4  y  then  x  \  y  since  (X,t)  is  . 

Using  Tychonoff* s  characterization  of  a  completely  regular  space, 
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we  are  assured  that  x  and  y  are  functionally  distinguishable, 
implying  that  x  ft  y  . 

We  now  show  that  t  =  t(5).  Let  G  e  t  and  x  €  G  . 

Then  x  is  not  in  the  closed  set  X  -  G,  and  so  there  exists  a 
continuous  function  f  t  X  -*  [0,1]  such  that  f(x)  =  0  and 
f(X  -  G)  =  1  ,  i.e.  x  ?  (X  -  G)  .  Then  by  (2.4)  ,  G  €  t(5)  . 
Conversely,  if  G  e  t(5)  and  x  e  G  ,  then  x  p  (X  -  G)  . 

Hence  there  exists  a  continuous  function  f  ?  X  — >  [0,1]  such 
that  f (x)  =  0  and  f(X  -  G)  =  1  .  Then  f’1([0,l/2))  is 
an  open  T-neighbourhood  of  x  contained  in  G  .  Therefore 
we  have  G  e  r  . 

Thus  we  know  that  on  every  completely  regular  (Tychonoff)  space, 
we  can  define  a  compatible  (separated)  proximity.  The  converse  of  Theorem 

(2.10)  is  also  truej  that  is,  the  topology  t(5)  induced  by  a  (separated) 
proximity  5  is  always  (Tychonoff)  completely  regular  (see  Theorem  (3.14)). 

We  now  show  that  in  a  (normal  T^-)  space,  there  is  another 
way  of  defining  a  compatible  proximity, 

(2.11)  Theorem,  In  a  normal  T^-space  (X,t)  , 

(2.12)  A  5  B  iff  A  n  B  4  (]) 
defines  a  compatible  proximity. 


Proofs 


That  (2,12)  defines  a  proximity  follows  from 
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Theorem  (2.10)  and  the  fact  that,  in  a  normal  space,  A  f|  B  =  (j> 
iff  A  and  B  are  functionally  distinguishable .  (Note  that 
for  this  part,  the  T^-axiom  is  unnecessary.)  To  show  that 
r  =  r(b),  we  observe  that  a  normal  T^-space  is  Tychonoff  and 
use  Theorem  (2.10). 

(2.13)  Corollary 9  In  a  normal  space  (X,t)  ,  the  proximities  defined 

by  (1.11)  and  by  (2.12)  are  equivalent. 

(2.1,4)  Corollary.  If  a  completely  regular  space  (X^t)  has  a  compatible 

proximity  b  defined  by  (2.12),  then  X  is  normal. 

Proof ;  If  A  and  B  are  disjoint  closed  sets,  then  A  p  B  . 
By  the  Strong  Axiom,  there  exists  an  E  such  that  A  ft  E  and 
(X  -  E)  p  B  .  From  (2.5)  (ii),  we  then  have  A  c  Int  (X  -  E) 
and  B  c  Int  E  .  Since  Int  E  fj  Int  (X  -  E)  =  (})  ,  X  is 
normal . 

In  the  same  way  as  the  class  of  topologies  on  a  given  set  can 
be  partially  ordered  by  inclusion,  i.e.  iff  c  ,  one 

can  define  a  partial  order  on  a  set  X  in  the  following  manner" 

(2.15)  Definition.  If  5^  and  bg  are  two  proximities  on  a  set  X  , 

we  define 

5^  >  5^  iff  A  b^  B  implies  A  5^  B  . 


(2.16) 
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The  following  theorem  shows  that  a  finer  proximity  structure 
induces  a  finer  topology. 

(2.17)  Theorem.  (a)  Let  b^  and  b^  be  two  proximities  defined  on  a 

set  X  .  Then  b^  <  b^  implies  T(b^)  <  T(b^)  . 

(b)  Let  and  be  two  completely  regular  topologies 

on  X  ,  and  let  b^  and  b^  be  the  proximities  on  X  defined  by  (l.ll) 
with  respect  to  and  respectively.  Then  implies  b^  <  b^  . 

Proof :  (a)  Suppose  A  e  r(b^)  .  Then  by  (2,k),  x  ^  (X  -  A) 

for  each  x  e  A  .  Since  b^  <  b^  ,  x  ft  (X  -  A)  for  each 

x  e  A  .  Thus  A  €  T(b^)  ,  from  which  we  conclude  that  T(b^) 

<=  t(52)  ,  T(b1)  <  r(b2)  . 

(b)  If  A  p-  B  then  there  exists  a  T^-cont inuous 
function  f  °  (X,t^)  ->  [0,1]  such  that  f(A)  =  0  and  f(B)  =  1  . 
Since  T-  <  t  ,  f  is  also  a  t  -continuous  function,  show- 

L  d  d. 

ing  that  A  ft  B  .  Hence  b^  <  b^  . 

(2.18)  Remarks .  For  a  stronger  form  of  Theorem  2.17  (b),  the  reader  is 
referred  to  Remarks  (3»15)° 

It  is  sometimes  said  that  a  proximity  is  a  finer  structure  on  a 
set  than  a  topology,  since  a  topological  space  may  have  different 
compatible  proximities.  For  example,  let  X  be  the  real  line  with  the 
usual  topology  and  let  b^  be  defined  by  A  b^  B  iff  D(A,B)  =  0  , 
where  D(A,B)  =  inf  {  |a-b  |  :  a  e  A,  b  €  B]  .  Let  bg  be  defined  by 
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(2.12).  Then  both  6^  and  6^  are  compatible  with  the  topology  of  X  . 
However,  A  =  [n  %  n  e  N)  and  B={n--^“neN}  are  such  that 
A  B  but  A  p  B  . 
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§3 .  Alternate  Description  of  Proximity 

In  a  uniform  space  (X,U)  ,  a  subset  B  may  be  said  to  be  a 
uniform  neighbourhood  of  A  iff  there  is  an  entourage  U  e  U  such  that 
U[A]  c  B  „  An  analogous  concept,  that  of  a  5-neighbourhood,  can  be 
introduced  in  a  proximity  space  and  furnishes  an  alternative  approach  to 
the  study  of  proximity  spaces.  This  concept  of  a  5-neighbourhood  is  not 
only  useful  in  the  theory  of  proximity  spaces,  but  also  is,  in  a  sense, 
dual  to  the  concept  of  proximity.  This  duality  will  be  studied  in  detail 
in  Section  6. 

(3.1)  Definition.  A  subset  B  of  a  proximity  space  (X,5)  is  a  5- 

neighbourhood  of  A  (in  symbols  A  «  B)  iff  A  pi  (X  -  B)  . 

The  second  part  of  the  following  lemma  (which  is  a  strengthened 
form  of  (2.5))  justifies  the  term  "5-neighbourhood". 

(3.2)  Lemma „  Let  (X,5)  be  a  proximity  space  and  let  A  and  Int  A 
denote,  respectively,  the  closure  and  interior  of  A  in  t(5)  .  Then 

(i)  A  «  B  implies  A  «  B 
(ii)  A  «  B  implies  A  «  Int  B  . 

Therefore  A  c  Int  B  ,  showing  that  a  5-neighbourhood  is  a  topological 
neighbourhood . 

Proof;  (i)  Using  (2.8),  A  p  (X  -  B)  implies  A  p  (X  -  B)  , 

i  .  e  .  A  «  B  „ 


(ii)  A  p  (X  -  B)  implies  A  p  (X  -  B)  .  Equivalently, 


' 


. 


■ 

*  / 


. 


i  : 
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A  p  (X  -  Int  B)  ,  i.e.  A  «  Int  B  . 

The  following  is  an  alternate  way  of  stating  the  Strong  Axiom 
and  is  employed  by  many  authors. 

(5*3)  Lemma «  The  Strong  Axiom  (1.4)  is  equivalent  to 

(3.4)  A  pi  B  implies  there  exist  subsets  C  and  D  such  that  A  pf  (X  -  C)  , 
B  pf  (X  -  D)  and  C  pf  D  . 

Proof;  To  prove  (3.4)  implies  (1.4),  we  note  that  if  C  pi  D  , 
then  C  c  (X  -  D)  .  Setting  E  =  X  -  C  ,  we  have  A  pi  E  and 

(X  -  E)  pi  B  .  On  the  other  hand,  suppose  (1.4)  holds.  Then 

A  pi  B  implies  there  is  an  E^  such  that  A  pi  E^  and 
(X  -  E^)  pi  B  .  Moreover,  there  exists  an  E^  such  that 
A  p  E^  and  (X  -  E^)  pi  E^  .  Now  let  C  =  X  -  E^  and  D  =  E^  . 

Then  C  c  X  -  E^  and  it  follows  that  C  pi  D  . 

(3.5)  Corollary.  A  pi  B  implies  there  exist  subsets  C  and  D  such 
that  A  «  C  ,  B  «  D  and  C  pi  D  .  Consequently  the  topology  t(6) 
of  a  separated  proximity  space  (X,b)  is  Hausdorff. 

(3.6)  Lemma .  Let  6  be  a  compatible  proximity  on  a  completely  regular 


space  (X,t)  .  If  A  is  compact,  B  is  closed  and  A  n  B  =  (j>  ,  then 
A  pf  B  , 
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Proof.  For  each  a  e  A  ,  a  pS  B  .  From  (3.2)  and  (3-5), 

we  know  there  exists  an  open  neighbourhood  N  of  a  such 

a 

that  N  8  B  ,  Now  [N  I  a  e  A]  is  an  open  cover  of  the 

9  3.  J 

compact  set  A  ,  and  so  there  is  a  finite  subcover 

[N  :  i  =  1, . . .,n)  .  By  (1.2),  N  8  B  where  N  =  .5,  N 
i  1=1  ai 

But  A  c  N  ,  implying  that  A  pi  B  . 

It  is  well-known  that  a  compact  Hausdorff  space  has  a  unique 
compatible  uniformity.  A  similar  theorem  is  true  in  proximity  spaces. 

(3°7 )  Theorem.  A  compact  Hausdorff  space  (X,t)  has  a  unique  compatible 

(separated)  proximity. 

Proof .  Since  a  compact  Hausdorff  space  is  a  normal  T^-space, 

.  . 

we  know  by  Theorem  (2,11),  that  the  proximity  5  defined  by 

(2.12)  is  compatible.  We  now  show  that  any  other  compatible 

* 

proximity  5  on  X  is  equivalent  to  6  ,  and  hence  conclude 

that  the  given  space  has  a  unique  compatible  proximity.  If 
*  —  — 

A  pi  B  ,  then  A  0  B  =  (j>  by  (2.12).  But  since  closed  and 
compact  subsets  of  X  coincide,  Lemma  (3*6)  implies  that  A  pi  B  , 
Since  6  is  compatible,  this  is  equivalent  to  A  pi  B  .  Conversely, 
A  pi  B  implies  A  pi  B  .  Thus  A  fj  B  =  (j>  which,  by  definition, 
means  that  A  pi  B  . 

(3.8)  Remarks .  Contrary  to  Alexandrof f ’ s  conjecture,  there  are  also 

non-compact  completely  regular  spaces  with  unique  compatible  proximities. 

(Such  spaces  are  necessarily  normal  as  will  be  seen  in  Section  J.)  The 


ixc 
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following  is  one  such  example,  the  space  of  all  ordinals  less  than  the 
first  uncountable  ordinal  with  the  order  topology  is  not  compact,  but 
has  a  unique  compatible  proximity. 

In  a  later  section  (Theorem  (7. 20)),  we  shall  actually 
characterize  those  topological  spaces  which  possess  unique  compatible 
proximities . 

(3,9)  Theorem.  Given  a  proximity  space  (X,b)  ,  the  relation  «  has 

the  following  properties; 

(i)  X  «  X  , 

(ii)  A  «  B  implies  A  c  B  .  The  converse  holds  iff  (X,6) 
is  discrete. 


(iii) 

A  c  B  «  C  c  D 

implies 

A  «  D 

0 

n 

(iv) 

A  «  B .  for  i 
1 

—  y  0  0  0  y 

n  iff 

A  «  iQ1  . 

(v) 

A  «  B  implies 

(X  -  B) 

«  (X 

-  A)  . 

(Vi) 

A  «  B  implies 

there  is 

a  C 

such  that  A  «  C  «  B 

For  a  separated  proximity, 

(vii)  x  «  (X  -  y)  iff  x  4  y  • 

Proof  %  (i)  Since  X  ft  (j>  by  (l»3)>  X  «  X  . 

(ii)  If  A  p  (X  -  B)  then  A  fl  (X  -  B)  =  (j>  , 

implying  A  a  B  .  The  second  part  is  an  easy  consequence  of 
the  definition  of  discrete  proximity  given  in  Example  (1.9)* 


•  'f  s  . 


. 


N 
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(iii)  If  A  <fc  D  then  A  5  (X  -  D)  .  This  implies 
B  6  (X  -  C)  or  B  <jc  C  ,  a  contradiction. 

(iv)  It  suffices  to  consider  n  =  2  .  A  «  B^  and 
A  «  B2  iff  A  ft  (X  -  B1)  and  A  pi  (X  -  B  )  iff  (by  (1.2)) 

A  ?  [(X  -  B1)  U  (X  -  B2)]  iff  A  pi  [X  -  (Bx  fl  B2)]  iff 

A  «  (b1  n  Bg)  . 

(v)  A  «  B  implies  A  pi  (X  -  B)  .  By  ( 1.1), 

(X  -  B)  pi  A  ,  i.e.  (X  -  B)  «  (X  -  A)  . 

(vi)  A  «  B  implies  A  pi  (X  -  B)  .  By  the  Strong 

Axiom,  there  exists  a  set  (X  -  C)  such  that  A  pi  (X  -  C)  and 

C  pi  (X  -  B)  ;  that  is,  A  «  C  «  B  . 

(vii )  x  4  y  iff  x  pi  y  (by  (1.6))  iff  x  «  (X  -  y)  . 


(3.10) 


n  n 

Corollary.  A.  «  B.  for  i  =  l,„..,n  implies  .n.  A.  «  n.  B. 

- li  f  >  tr  i'Jl  i  i=l  i 

and  ,U.  A.  «  .U,  B.  . 
i=l  l  i=l  i 

All  of  the  separated  proximity  axioms  (l.l)-(l.6)  are  used  in 
the  above  proofs.  In  particular  we  note  that  (l.^)  is  equivalent  to 
3*9  (vi)?  and  (1.6)  is  equivalent  to  3°9  (vii)-.  The  following  is  a 
converse  of  Theorem  (3.9). 


(3.11)  Theorem. 

(l)-(vi)  and  5 


If  «  is  a  binary  relation  on  2  satisfying  3*9 
is  defined  by: 


(3.12) 


A  p  B  iff  A  «  (X  -  B)  , 


then  6  is  a  proximity  on  X  .  B  is  5-neighbourhood  of  A  iff  A  «  B  . 


x"  ^ 


. 


„ 


' 
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Moreover,  if  «  also  satisfies  3*9  (vii),  then  6  is  separated. 

Proof ;  (i)  A  p  B  implies  A  «  (X  -  B)  .  By  3*9  (v), 

B  «  (X  -  A)  ,  and  so  B  p  A  . 

(ii)  (A  U  B)  p  C  implies  (A  U  B)  «  (X  -  C)  . 

Then  by  3-9  (iii),  A  «  (X  -  C)  and  B  «  (X  -  C)  ,  i.e. 

A  p  C  and  B  p  C  .  Conversely,  if  (A  U  B)  5  C  then  by  (i), 

C  5  (A  U  B)  .  Hence  C  <[<  [X  -  (A  U  B)  ]  ,  or  C  <j<  [  (X  -  A)  fl 

(X  -  B)]  .  Then  by  3.9  (iv),  C  <)<  (X  -  A)  or  C  <(<  (X  -  B)  . 

Hence  C  5  A  or  C  &  B  and  it  follows,  since  5  is  symmetric, 

that  A  6  C  or  B  5  C  . 

(iii)  (I.3)  is  a  direct  consequence  of  3,9  (i)  . 

(iv)  Suppose  A  p  B  ,  i.e.  A  «  (X  -  B)  .  Then 
3.9  (vi)  assures  the  existence  of  a  C  such  that  A  «  (X  -  C) 
«  (X  -  B)  .  Thus  there  is  a  C  such  that  A  p  C  and  (X  -  C)  p 
B  . 

(v)  If  A  p  B  ,  then  A  «  (X  -  B)  .  From  3.9  (ii) 
we  have  Ac(X-B),  i.e.  A  n  B  =  (J)  , 

If  3.9  (vii)  is  satisfied,  (1.6)  follows  immediately. 
That  B  is  a  5-neighbourhood  of  A  iff  A  «  B  follows  easily 
from  the  definitions  of  the  terms  involved. 

In  a  uniform  space  (X,U),  the  closure  of  any  subset  A  is 


given  by 
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A  =  uQuuM  • 

The  following  result  is  an  analogue  of  this  in  proximity  spaces. 


(3® 13)  Theorem.  If  (X,5)  is  a  proximity  space  and  A  c  X  ,  then 


A  =  A  £  B  B 


0 


Proof;  From  3-2  (i)  and  3*9  (ii)  we  conclude  that 

A  «  B  implies  A  c  B  ,  and  hence  A  c:  H  B  .  To  show 

ri  .D 

the  reverse  inclusion,  suppose  that  x  ^  A  „  Then  x  p  A 
and,  by  (3<>5)>  A  has  a  6-neighbourhood  B  not  containing 

X 

x  .  Thus  x  i  .  H  B  . 

1  A  «  B 


In  Theorem  (2.10)  it  was  shown  that  every  completely  regular 
space  (X,t)  has  a  compatible  proximity  6  .  The  following  is  a  converse. 

(3ol4)  Theorem,,  If  (X,5)  is  a  (separated)  proximity  space,  then  t(5) 

is  (Tychonoff)  completely  regular. 


Proof:  That  t(6)  is  T^  if  6  is  separated  follows 

easily  from  Axiom  (1.6).  We  now  indicate  briefly  why  t(6) 
is  completely  regular.  If  A  is  a  closed  set  and  x  ^  A  , 
then  x  p  A  .  Hence  we  have  x  «  (X  -  A)  and,  after  applying 
3.9  (vi)  twice,  we  find  that  there  are  sets  B  and  C  such 
that  x  «  B  «  C  «  (X  -  A)  .  Using  Lemma  (3.2),  we  obtain 


. 


* 
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x  c  Int  B  c  B  c  Int  C  c  C  c  (X  -  A)  .  This  is  similar  to  the 
main  step  in  the  proof  of  Urysohn's  Lemma,  and  proceeding  as 
therein,  we  obtain  a  continuous  function  f  :  X  -»  [0,1]  such 
that  f(x)  =  0  and  f(A)  =  1  . 

(3.15)  Remarks .  Actually,  following  the  proof  of  Urysohn’s  Lemma  one 

can  prove  that  for  a  compatible  proximity  6  defined  on  X  ,  A  ft  B 
implies  the  existence  of  a  continuous  function  f  l  X  -»  [0,1]  such 
that  f(A)  =  0  and  f('B)  =  1  (see  Theorem  (7.I2)).  Consequently,  the 
proximity  defined  by  (l0ll),  namely  A  ft  B  iff  A  and  B  are  functionally 
distinguishable,  is  the  largest  or  finest  compatible  proximity  which  can 
be  defined  on  a  completely  regular  space.  Or,  as  Smirnov  proved!  every 
completely  regular  space  has  a  maximal  associated  proximity  space.  It 
is  useful  to  note  that,  as  a  result  of  Corollary  (2.I3),  the  proximity 
defined  by  (2.12)  is  the  largest  compatible  proximity  that  can  be  defined 
on  a  normal  T^-space0 

We  can  now  strengthen  (2.I7)  (b)  to  read!  Let  and  t; 

be  two  completely  regular  topologies  on  X  ,  let  5^  be  any  proximity 
on  X  compatible  with  ,  and  let  be  defined  by  (loll)  with 

respect  to  .  Then  implies  <  52  0 


■ 
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§4 .  Subspaces.  Product  and  Quotient  Proximity  Spaces. 

In  the  study  of  general  topological  spaces,  continuous  functions 
play  an  important  role.  A  similar  role  is  played  by  uniformly  continuous' 
functions  in  uniform  spaces.  Their  analogue  in  the  theory  of  proximity 
spaces  is  the  concept  of  a  proximity  (or  proximally  continuous  or 
equicontinuous  or  5-)  mapping. 

(4.1)  Definition.  Let  (X^)  and  (Y,&2)  be  two  proximity  spaces. 

A  function  f  !  X  -*  Y  is  said  to  be  a  proximity  mapping  iff 

A  5^  B  implies  f(A)  &2  f(B) 

Equivalently,  f  is  a  proximity  mapping  iff 

C  D  implies  f  ^(C)  f  ^(D) 
or 

C  <<  D  implies  f  ^(C)  «  f  ^(D) 

It  is  easy  to  see  that  the  composition  of  two  proximity  mappings 
is  a  proximity  mapping.  The  following  is  similar  to  the  well-known  result 
a  uniformly  continuous  function  is  continuous  with  respect  to  the  induced 
topologies . 

(4.2)  Theorem.  A  proximity  mapping  f  :  (X,&^)  -»  (Y,6g)  is  continuous 
with  respect  to  t(&^)  and  t(62)  * 

Proof?  The  result  follows  easily  from  the  fact  that  x  5  A 


implies  f(x)  £>2  f(A)  > 


i  .e . 


f (A)  c  f(A)  . 


x.l  '  ST'.  '  •  f. 


i‘‘  »  <  '  '  «-  «  • 


'  . 
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(4.3)  Remarks .  The  converse  of  the  above  theorem  is  false.  Consider 
the  example  of  (2.18):  the  identity  mapping  on  X  is  continuous  with 
respect  to  t(6^)  and  t(5^)  ,  but  is  not  a  proximity  mapping  from 
(X»61)  to  (X,6g)  . 

It  is  natural  to  inquire  as  to  when  the  converse  of  Theorem  (4.2) 
is  true.  Recalling  that  a  continuous  function  on  a  compact  space  is 
uniformly  continuous,  we  observe  from  the  next  theorem  that  a  completely 
analogous  result  holds  in  proximity  spaces.  However,  compactness  is  too 
strong  and  we  shall  prove  a  better  result  when  we  consider  equinormal 
proximity  spaces  (see  Theorem  (7.22)). 

(4.4)  Theorem.  If  (X,5^)  and  (Y,5g)  are  proximity  spaces  and  X 

is  compact,  then  every  continuous  function  f  from  X  to  Y  is  a 
proximity  mapping. 

Proof.  If  A  and  B  are  subsets  of  X  such  that  A  5^  B  , 

then  A  fl  B  (j>  by  Theorem  (3*7).  But  this  implies  that 

f (A)  n  f(B)  ^  (j>  ,  i.e.  f (A)  &2  f (b)  .  Since  f  is  continuous, 
f (A)  c  f(A)  and  f(B)  c  f(B)  ,  yielding  f (A)  f(B)  .  From 
Lemma  (2.8)  it  follows  that  f(A)  b^  f(B),  and  we  conclude 
that  f  is  a  proximity  mapping. 

(4.5)  Theorem.  Given  a  function  f  :  X  ->  (Y,&  ),  the  coarsest  proximity 

6  ,  which  may  be  assigned  to  X  in  order  that  f  is  proximally 

o 

continuous,  is  defined  by 


. 
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(4.6)  A  p°  B  iff  there  exists  a  C  c  Y  such  that  f(A)  p^  (Y  “  C) 

and  f"1(C)  c=  (X  -  B)  . 


Proof o  We  first  verify  that  is  a  proximity  on  X  . 

(i)  Suppose  A  p  B  and  let  D  =  (Y  -  f(A))  .  Since 
f(B)  c=  (Y  -  C)  and  f(A)  p£  (Y  -  C)  ,  we  have  f(B)  p  (Y  -  D)  . 
Moreover,  f  *(d)  =  X  -  f  *(f(A))  <z  (X  -  A)  .  Hence  B  p  A  . 

(ii)  (A  U  B)  C  implies  the  existence  of  a  D  c  Y 

such  that  [ f (A)  U  f (b) ]  p2  (Y  -  D)  and  f_1(D)  c  (X  -  C)  , 

from  which  A  &  C  and  Bp  C  follow.  If  A  p  C  and 

'  o  '  o  '  o 

B  C  ,  there  exist  and  such  that  f(A)  p2  (Y  -  D^)  , 

f(B)  p2  (Y  -  Dg)  ,  f'1(D1)  c  (X  -  C)  and  f'1(Dg)  <=  (X  -  C)  . 

Therefore  [  f  (A)  U  f(B)]  ^  [Y  -  ^  U  Dg)]  and  f'1(D1  U  Dg)  c 

(X  -  C)  ,  i.e.  (A  u  B)  p  C  . 

(iii)  If  A  =  (j>  ,  then  f(A)  p  Y  and  f_1((j>)  c  (X  -  B)  . 

Hence  A  p  B  . 
ro 

(iv)  If  A  6(  B  ,  then  there  exists  a  C  c  Y  such  that 

'  '  '  o 

f_1(C)  cz  (X  -  B)  and  f(A)  p2  (Y  -  C)  .  This  latter  relation 
and  (1.4)  assure  the  existence  of  a  set  D  such  that  f(A)  p  D 
and  (Y  -  D)  (Y  -  C)  .  Then  f(A )  P2  (Y  -  C)  ,  and 
C  c  (Y  -  D)  implies  f_1(C)  c  (X  -  f  1(D))  .  On  the  other 

hand,  f_1(C)  c  (X  -  B)  ,  and  f(X  -  f_1(D))  <=  (Y  -  D) 

Implies  f(X  -  f‘1(D))  P2  (Y  -  C)  .  Letting  E  =  f  1(D)  and 

using  (4.6),  we  obtain  A  p  E  and  (X  -  E)  Pq  B  . 

(v)  A  p  B  implies  there  exists  a  C  c  Y  such  that 


. 


. 
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f(A)  ^  "  C)  and  f  ^(C)  c  (X  -  B)  .  Therefore  f(A)  Q 

(X  -  C)  =  (j>  and  f'1(f(A))  n  f_1(X  -  C)  =  (j)  .  Since  A  c 
f  ^(f(A))  and  B  c  f’1(X  -  C),  we  have  A  (1  B  =  (j)  . 


In  order  to  show  that  f  :  (X,6  )  -»  (Y,5^)  is 

o  2 

proximally  continuous,  suppose  that  f(A)  ^  f(B)  .  Since 
f(A)  «  (Y  -  f(B))  ,  there  exists  a  C  such  that  f(A)  « 
C  «  (Y  -  f (B) )  by  3.9  (vi).  Thus  f(A)  p  (Y  -  C)  and 
f“L(C)  <=  (X  -  f-1  ( f  (B ) )  c  (X  -  B)  ,  i,e,  A  p  B  . 


It  remains  to  show  that  if  b^  is  any  proximity 

on  X  such  that  f  :  (X,6^)  ->  (Y,b  )  is  proximally  continuous, 

then  6,  is  finer  than  b  .  If  A  b  B  ,  then  there  exists 
1  o  ro 

a  C  <=  Y  such  that  f(A)  pT  (Y  -  C)  and  f"1^)  c  (X  -  B)  . 
Since  f  is  proximally  continuous,  A  ft.  (X  -  f  ^(c))  ,  and 
Be  (X  -  f  ^(C))  implies  A  B  .  Thus  b^  >  bQ  . 


(4.7)  Theorem,  If  f  s  (X,b  )  (Y,bg)  where  50  is  defined  by  (4.6), 

then  f“1[T(b2)]  c  t(Bq)  . 

Proof.  Suppose  A  e  f  ^(b^)]  ,  so  that  f(A)  e  *r(b2)  . 

By  (2.4),  x  (Y  -  f (A) )  for  each  x  €  f(A)  .  Since  f 

-1  -1 

is  proximally  continuous,  f  (x)  f  [Y  -  f(A)]  implying 

f"1(x)  [X  -  f_1(f(A))].  Hence  f_1(x)  ^  (X  -  A)  for 

each  x  c  f(A)  ,  or  y  Pq  (X  -  A)  for  each  y  e  A  .  But 

this  means  A  e  t(B  )  . 

o 

(4.8)  Remarks .  Theorem  (4.2),  stating  that  every  proximally  continuous 

function  is  continuous  with  respect  to  the  induced  topologies,  follows 


•  •  • 
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0^9) 


(^.10) 


(it. 11) 


as  an  easy  corollary  to  the  preceding  theorem.  Perhaps  we  should  also 
mention  at  this  point  that  in  Chapter  III,  it  will  be  shown  that  every 
uniformly  continuous  function  is  proximally  continuous  with  respect  to 
the  induced  proximities.  Moreover,  a  function  mapping  one  metric  space 
into  another  is  uniformly  continuous  if  and  only  if  it  is  proximally 
continuous . 

Def initiong  Two  proximity  spaces  (X,6^)  and  (Y,8^)  are  called 
proximally  isomorphic  (or  5-homeomorphic )  iff  there  exists  a  one-to-one 
function  f  from  X  onto  Y  such  that  both  f  and  f  ^  are  proximity 
mappings.  Such  a  function  f  is  termed  a  proximity  (or  6-)  isomorphism. 
The  term  equimorphism  is  also  used. 

It  follows  from  Theorem  (4.2)  that  proximally  isomorphic  spaces 
are  homeomorphic .  From  the  example  of  (2,18),  it  follows  that  homeomorphic 
spaces  are  not  necessarily  proximally  isomorphic. 

A  property  is  said  to  be  a  proximity  invariant  iff  it  is  preserved 
under  proximity  isomorphisms.  That  every  topological  invariant  is  a 
proximity  invariant  is  clear,  again  from  Theorem  (4.2). 

Definition,  If  (X,5)  is  a  proximity  space  and  Y  c  X  ,  then 
subsets  of  Y  are  also  subsets  of  X  .  For  subsets  A  and  B  of  Y  , 
we  define 

A  &Y  B  iff  A  5  B  . 


It  is  easily  verified  that  is  a  proximity  on  Y  and  that 


'  V 


■ 
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t(&y)  i s  the  subspace  topology  induced  on  Y  by  t(6)  .  We  call  b^ 
the  induced  (or  subspace )  proximity . 

We  next  consider  the  product  of  a  family  ((X  ,b  )  ;  A  e  A] 
of  proximity  spaces.  Let  X  =  q  ]P^  Xq  denote  the  Cartesian  product 
of  these  spaces.  A  proximity  6  can  be  defined  on  X  as  follows; 

(4.12)  Let  A  and  B  be  subsets  of  X  .  Define 

A  5  B  iff  for  each  pair  of  finite  covers  [A^  "  i  =  l,„..,m} 

and  ;  j  =  l,...,n)  of  A  and  B  respectively,  there 

exist  an  A.  and  a  B.  such  that  P  [A.]  6  P  [B.]  for 
l  j  aL  iJ  a  aL 

each  a  e  A  .  (P  denotes  the  projection  of  X  onto  X  . ) 

a  a 

(4.13)  Theorem.  The  binary  relation  6  defined  in  (4.12)  is  a  proximity 
on  the  product  space  X  .  It  is  separated  iff  each  b  is  separated. 

Proof.  (i)  Since  each  b^  is  symmetric,  so  is  b  and 
(1.1)  is  satisfied. 

(ii)  Let  A,  B  and  C  be  subsets  of  X  and  suppose 
AbC.  Since  every  cover  of  (A  U  B)  is  a  cover  of  A  , 
it  follows  that  (A  U  B)  b  C  .  Conversely,  suppose  A  ft  C 
and  B  ft  C  .  Then  there  are  finite  covers  {A_^  :  i  =  l,...,m] 
and  [Cj  :  j  =  1, ...,n}  of  A  and  C  respectively  such  that 
P  [A.]  ft  P  [C.]  for  some  a  =  s„  e  A  where  i  =  l,...,m 
and  j  =  1, . „ . , n  .  Likewise,  there  are  finite  covers 
(A .  :  i  =  m+l,.*.,m+p)  and  (D^  ;k  =  l,...,q]  of  B  and 


' 


- 
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C  respectively  such  that  P  [A.l  8f  P  [D,  ]  for  some 

ai'aak 

3  =  fcik  6  A  where  i  =  m+l,...,m+p  and  k  =  l,00<>,q  .  Now 
{C.  0  Dk  §  j  =  1, ...,n;  k  =  l,.o»,q]  is  a  cover  of  C  and 
[A^  %  i  =  1, . . . ,m+p)  is  a  cover  of  A  U  B  ,  Since 

Pa[Ai]  ^ a  Pa[Cj  n  V  for  a  =  sij  or  a  =  tik  >  we 
conclude  that  (A  U  B)  p  C  . 

(iii)  That  A  5  B  implies  that  A  and  B  are 
non-void  follows  easily. 


(iv)  If  A  p  B,  then  there  exist  covers  [A^  l  i  =  l,0..,m] 

and  {Bj  j  =  l,»0»,n]  of  A  and  B  respectively  such  that 

P  [A.  ]  &  P  [B .  ]  for  some  s  =  t .  .  e  A  where  i  =  lM,,,m 
si'ssj  ij 

and  j  =  1, QOO,n  ,  Since  each  (X  ,5  )  is  a  proximity 

space,  there  exist  sets  E. .  such  that  P  [A.l  &  E. .  and 

ij  s  i  's  ij 

(X  -  E„ . )  $  B .  »  Let  Q  denote  the  inverse  of  P  for 
ij  rs  j  x  a 

n  n 

and  let  E.  =  .f|,  Q[E..J  and  E  =  „IL  E  .  * 
j  i=l  ij  j=l  J 


each  a  €  A 


Since  P  [E  JcE  ,  we  have  P  [A  ]  &  P  [E ,]  for  s  =  t  ; 

Sjlj  blSbJ  lj 


that  is,  A  p  E  .  Let  D.  .  =  (X  -  Q[E .  .])  =  Q[X  -  E.  . 

*  J  J  ^  J 


and 


F.  =  (X  -  E.)  =  .U,  D.  .  .  Thus  (X  -  E)  =  .Q,  F.  ,  from 
J  J  J=1  IJ  J=1  J 

which  we  obtain  BjD.,  for  all  i  and  j  .  This  implies 

J  r  1J 

B.  p  F.  for  all  j  ;  i,e,  (X  -  E)  ^  B.  for  all  j  ,  showing 
that  (X  -  E)  pt  B  . 

(v)  If  A  f)  B  jL  (j)  ,  then  there  exists  an  x  =  (x&)  e 

A  fl  B  .  For  every  pair  of  covers  [A^  %  i  =  l,0,»,m]  and 

(B .  :  j  =  1, o  o . ,n)  of  A  and  B  respectively,  there  exists 

an  A.  and  a  B.  containing  x  ,  Clearly  x  e  P_[A  ]  fl  P.[Bj 
i  j  a  a  i  a  j 

for  all  a  €  A  ,  which  implies  P^A^  8fl  Pfl[B  ]  for  a  e  A  ; 


' 
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that  is,  A  b  B  . 

(vi)  Suppose  X  is  separated  and  x  6  y  for 

3  3  *  3 

points  x^,  in  X &  »  There  are  two  points  in  X  ,  x  and 

y  say,  such  that  x  =  (x^)  and  y  =  (y^)  where  x^  =  y^ 
for  all  A  e  A  except  A  =  a  ,  Then  x  6  y  ,  implying 
x  =  y  ,  That  is  x  =  y  ,  showing  5  is  separated. 
Conversely,  x=(x)5y=(y)  implies  x  6  y  for  all 

3  3  3  3  3 

a  e  A  0  If  each  6  is  separated,  then  x  =  y  for  all 

a  ’  a  Ja 

a  e  A  9  i0e0  x  =  y  , 

(4,14)  Corollary,  Since  every  set  covers  itself,  P_  is  a  proximity 

3 

mapping  from  X  onto  X  for  each  a  e  A  ,  In  fact,  5  is  the 

smallest  proximity  on  X  for  which  each  projection  P  is  proximally 

3 

cont inuous , 


Proof,  To  prove  the  second  part,  suppose  that  6  >  a  ,  a 
proximity  on  X  such  that  each  projection  map  is  proximally 
continuous;  i,e,  A  5  B  implies  A  a  B  .  Suppose  A  a,  B  , 
[A^  o  i  =  1,  n)  covers  A  and  (B_,  :  j  =  l,0,,,m}  covers 
B  „  Since  a  is  a  proximity,  (1,2)  implies  that  A^  a  B^ 
for  some  i  and  j  ,  But  each  projection  map  is  proximally 
continuous,  so  that  P  [A. ]  5  P  [ B . ]  for  all  a  €  A  „  Hence 

3  X  3  3  J 

A  5  B  and  therefore  a  =  5  „ 


The  above  corollary  reminds  one  of  the  manner  in  which  the 
Tychonoff  product  topology  is  defined  on  the  Cartesian  product  of  a 


. 


' 

* 

- 
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collection  of  topological  spaces.  Similarly,  an  analogous  definition 
to  that  of  the  quotient  topology  is  used  in  the  case  of  quotient  proximity, 

(4.15)  Definition,  Let  f  be  a  function  on  a  proximity  space  (X,&) 
with  range  Y  ,  The  quotient  proximity  f^(S)  for  Y  is  the  finest 
proximity  such  that  f  is  proximal ly  continuous, 

(4.16)  Theorem,  If  f  l  (X,5)  -» Y  ,  then  the  topology  induced  by  the 

quotient  proximity  for  Y  is  smaller  than  the  quotient  topology 

f^[r(5)]  for  Y  , 

Proof,  Suppose  A  €  t(5  )  °  Then  x  (Y  -  A)  for 
every  x  e  A  ,  It  suffices  to  show  that  f  1(A)  e  t(6)  , 
i.e,  x  pi  (X  -  f  1(A))  for  every  x  e  f  1(A)  .  Suppose 
otherwise,  that  there  exists  an  x  €  f  1(A)  such  that 
X  5  (X  -  f  1(A))  ,  Since  f  is  proximally  continuous, 
f (x  )  Sq  (Y  -  A)  where  f(xQ)  e  A,  yielding  a  contradiction 
to  A  €  t(5  )  ,  Hence  A  €  f^[T(5)]  , 

(4.17)  Definition,  Given  a  function  f  %  (X,B)  -» Y  ,  the  open  image 
is  defined  to  be  the  coarsest  proximity  structure  5q  on  Y  such 
that  A  «  B  implies  f(A)  «  f(B)  ,  i.e.  A  p  (X  -  B)  implies 

f (a)  (Y  -  f (B ) )  .  A  function  f  :  (X,B)  ->  (Y,&x)  is  said  to  be 
proximally  open  iff  5^  >  ° 


(4.18) 


Theorem, 


If  f  :  (X,5)  -*  (Y,&  )  is  proximally  open,  then  it  is 


.  -  * 
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an  open  mapping  of  (X,t(&))  to  (Y,t(6^))  . 

Proof .  If  A  e  t(5)  ,  then  x  ft  (X  -  A)  for  every 
Then  since  f  is  proximally  open,  we  have  f(x)  jz^  (Y 
for  every  f(x)  e  f(A)  ,  i.e.  f(A)  e  t(5^)  . 


x  e  A  . 
f(A)) 
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NOTES 

§1®  The  axioms  for  a /proximity  space  were  originally  given  by  Efremovic  [17, 
18],  although  they  appeared  in  a  slightly  different  but  equivalent  form 
to  those  presented  in  this  section,  A  proof  of  Efremovi^c’s  theorem, 
that  f  is  uniformly  continuous  iff  D(A,B)  =  0  implies  E(f(A), 
f(B))  =  0  ,  can  be  found  on  Page  JO  of  Mamuzic  [591®  The  equivalence 
of  the  Symmetry  Axiom  for  a  proximity  to  the  complete  regularity  of  the 
associated  topology  has  been  shown  by  Pervin  [76]® 

§2,3*  The  theorems  in  these  sections  are  mainly  due  to  Efremovic  [18],  as  is 

the  concept  of  a  5-neighbourhood,  They  have  been  collectively  presented 
by  Smirnov  [87,88]  in  his  early  survey  of  proximity  spaces®  In  the 
same  survey,  Smirnov  announced  that  every  completely  regular  space  has 
a  maximal  associated  proximity  structure.  The  example  referred  to  in 
Remarks  (3 .8)  was  contributed  by  Pervin  [78]®  For  a  clear  proof  of 
Urysohn's  lemma,  the  reader  is  referred  to  Page  100  of  Thron  [102]® 

It  should  be  observed  that,  as  with  most  order  relations,  there  is  no 
general  agreement  on  the  definition  of  a  partial  order  on  proximities® 

§4®  The  results  concerning  proximity  mappings  were  first  established  by 

Smirnov  [88]®  A  brief  discussion  of  most  of  the  topics  covered  in  this 
section  can  be  found  in  Dowker  [16],  For  an  account  of  proximity  on 
the  product  of  proximity  spaces,  see  Leader  [52] ® 
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CHAPTER  II 

COMPACT IF ICAT IONS  OF  PROXIMITY  SPACES 

§5 .  Clusters  and  Ultrafilters 

Ultrafilters  play  an  important  role  in  topological  spaces 
inasmuch  as  such  notions  as  convergence  and  compactness  can  be  characterized 
in  terms  of  ultrafilters.  In  this  section  we  consider  their  counterparts 
in  proximity  spaces,  namely  clusters.  We  show  that  ultrafilters  and 
clusters  are  closely  related,  and  use  this  relationship  to  derive 
several  important  results  in  the  theory  of  proximity  spaces. 

If  L  is  an  ultrafilter  in  a  set  X  ,  then  it  is  well-known 
that  the  sets  in  L  are  characterized  by  the  following  conditions: 

(5.1)  If  A  and  B  belong  to  L  ,  then  A  f)  B  ^  (j> 

(5.2)  If  A  n  C  ^  (j>  for  every  C  e  L  ,  then  A  €  L 

(5.3)  If  (A  U  B)  e  L  ,  then  A  e  L  or  B  e  L  . 

It  is  natural  to  expect  that  the  collections  of  sets  in  a 
proximity  space  satisfying  conditions  similar  to  i5»l)  “  V.  5  ®  3 )  with 
nearness  replacing  non-empty  intersection  should  be  valuable  in  the 


theory  of  proximity  spaces, 
to  the  following  definition: 


This  is  indeed  the  case  and  we  are  led 


0  ’i  I  *  «  r.  tu 


-n 
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(5*4)  Definition.  A  collection  cr  of  subsets  of  a  proximity  space 

(X,S)  is  called  a  c lus ter  iff  the  following  conditions  are  satisfied: 

(i)  If  A  and  B  belong  to  cr  ,  then  A  6  B  . 

(ii)  If  A  6  C  for  every  C  €  u  ,  then  A  e  cr  . 

(iii)  If  (A  U  B)  c  cr  ,  then  A  e  cr  or  B  £  cr  . 


(5*5)  Remarks .  (i)  For  each  x  €  X  ,  the  collection 

crx  =  (A  c  X  :  A  5  x} 

is  a  cluster.  We  call  such  a  cluster  a  point  cluster  and  use  the  above 
notation . 

(ii)  If  (xj  €  cr  for  some  x  e  X  ,  then  cr  =  cr  .  If 

(X,5)  is  separated,  then  no  cluster  can  contain  more  than  one  point 

since  that  would  contradict  (1.6)^  consequently,  x  jL  y  implies 

cr  ^  c r 

x  y 

(iii)  If  cr  is  any  cluster  in  X  ,  then  X  €  cr  by 
5.4  (ii).  Hence  for  each  subset  E  of  X  ,  either  E  e  cr  or 
(X  -  E)  £  cr  .  Recall  that  an  ultrafilter  also  has  this  property. 

(iv)  If  A  e  (J  and  A  c  B  ,  then  B  e  cr  .  This  too 
is  a  property  of  an  ultrafilter. 


(5.6)  Lemma .  If  and  cr2  are  two  clusters  in  a  proximity  space 

(X, 5)  such  that  c  cr2  ,  then  . 


'  N 


J 
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Proof .  If  A  £  ov,  then  A  6  C  for  every  C  €  cr?  . 

Since  cr^  c  cr^  ,  A  6  B  for  every  B  e  cr^  which  shows  that 
A  e  cr^  .  Thus  cr^  c:  cr^  . 

The  following  lemma  on  ultrafilters  is  useful  in  deriving  the 
fundamental  relationship  (Theorem  (5.8))  between  ultrafilters  and  clusters, 
and  the  two  together  are  repeatedly  used  in  many  proofs, 

(5.7)  Lemma,  Let  P  be  a  collection  of  subsets  of  X  such  that 

— —  r\j 

(i)  (J)  ^  ^P  ,  and  (ii)  (A  U  B)  e  P  iff  A  e  ^P  or  B  e  ^P  ,  If 

A  €  P  ,  then  there  exists  an  ultrafilter  L  such  that 

o  <x>  ~ 

(a)  A  e  L 

n 

(b)  A.  e  L  for  i  =  l,...,n  implies  .fl.  A,  €  P  . 

v  '  i  'v  i=l  1  ~ 


Proof,  By  Zorn*s  lemma  there  exists  a  maximal  collection 


L  (of  subsets  of  X)  satisfying 

(a 

)  and  (b) 

.  Obviously 

(j)  ^  L  .  If 

A  and  B  belong  to 

L 

then  by 

(b), 

A  n  B  e  P  . 

Ay 

Since  L  is  maximal 

,  we 

must  have 

A  fl  B  e  L  . 

A/ 

If  A  e  L 

A/ 

and  A  c:  D  ,  then  D 

€  P 

r\j 

and  hence 

belongs  to 

L  since  L 

f\j  r\j 

is  maximal.  Having 

shown  that  L 

is  a  filter, 

it  remains 

to  show  that  L  is  an 

Ay 

ultrafilter . 

Supposing 

the  contrary,  there  would  exist  a 

subset  E  of 

X  such  that 

neither  E 

nor  (X  -  E)  belongs 

to 

L  .  Hence  there  are 

sets  A,  and  A0  in  L  such  that  neither  A  fl  E  nor 
1  2  ~  1 

A2  0  (X  -  E)  belongs  to  P  ,  If  A  =  fl  ,  then  A  €  P 

but  neither  A  fl  E  nor  A  fl  (X  -  E)  belongs  to  P  ,  a  contradiction. 


\ 


'  .  H 


' 


-  36  - 


(5.8)  Theorem,,  A  collection  cr  of  subsets  of  a  proximity  space  (X,&) 

is  a  cluster  if  and  only  if  there  exists  an  ultrafilter  L  in  X  such 
that: 

(5.9)  (J=[AcX;a5B  for  every  B  e  L) 

Moreover,  given  cr  and  A  e  cr  ,  there  exists  an  L  satisfying  (5.9) 

O 

which  contains  A 

o 

Proof:  Let  L  be  an  ultrafilter  in  X  and  let  cr  be 

- - 

defined  by  (5°9)«  We  shall  first  show  that  cr  is  a  cluster. 

(i)  Suppose  A  and  B  belong  to  cr  „  For  every 

subset  C  ,  either  C  or  (X  -  C)  is  in  L  „  This  means 

that  both  A  and  B  are  near  to  either  C  or  (X  -  C)  . 

Hence  for  every  subset  C  ,  either  A  S  C  or  (X  -  C)  6  B 
which  shows  (by  the  Strong  Axiom)  that  A  5  B  . 

(ii)  Since  L  c  cr  5.4  (ii)  follows  easily. 

'V 

(iii)  If  neither  A  nor  B  belongs  to  cr  ,  there 

exist  A’  and  B*  in  L  such  that  A  8  A’  and  B  Sf  B*  . 

<%> 

Using  (1.2),  we  obtain  A  $8  (A*  n  B  *  )  and  B  ft  (A!  fl  B T  )  . 

Thus  (A  U  B)  p  (A*  OB*).  Since  (A1  fl  B’)  €  L  ,  it 
follows  that  (A  U  B)  ^  cr  as  required. 

Conversely,  let  cr  be  a  cluster  and  Aq  e  cr  .  Taking 
P  =  cr  in  Lemma  (5.7),  we  obtain  an  ultrafilter  L  such  that 

r\j 

(a)  A  e  L  ,  and  (b)  A.  €  L  for  i  =  l,...,n  implies 
v  /  O  'v  1  ~ 
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n 

iQl  Ai  e  o-  .  Clearly  L  c  cr  .  If  a1  =  [A  c:  X  °  A  5  B  for 
every  B  e  L]  ,  then  a  cz  a*  and  by  Lemma  (5.6),  cr  =  cr*  a 

(5*10)  Corollary „  If  an  ultrafilter  Lea,  then  a  is  uniquely 

determined . 


(5.11)  Remarks .  (i)  If  L  and  a  are  as  in  Theorem  (5.8),  we  say  that 

"  L  generates  a  "  or  ”  a  is  determined  by  L  "  „ 

(ii)  In  Theorem  (5.8),  L  need  only  be  an  ultrafilter 

base . 


(iii)  A  given  cluster  a  may  be  determined  by  different 
ultrafilters,  as  the  following  example  shows  I 


Let  X  be  the  real  line  with  the  usual  topology  and  let  5 
be  defined  by  A  5  B  iff  A  f)  B  jL  (j)  „  Then  5  is  a  compatible  proximity 
by  Theorem  (20ll)o  Now  consider  the  point  cluster  v  a  Let  L  and  L  be 
ultrafilters  containing  the  filter  bases  F.  =  f(“a>0)  °  a  >  0}  and  F  = 

'Vi 

((0,a)  2  a  >  0}  respectively,,  Then  and  both  generate  a^,  but  L^  4 


(5.12)  Lemma „  If  a  cluster  a  in  a  proximity  space  (X,5)  is  determined 

by  an  ultrafilter  L  ,  then  a  is  a  point  cluster  a  if  and  only  if 
L  converges  to  x  . 


Proof.  a  =  a  iff  fx]  e  a  iff  x  5  A  for  every  A  e  L 
- -  x  L  J  ~ 

This  shows  that  x  is  a  cluster  point  of  L  .  But  an  ultra- 
filter  converges  to  each  of  its  cluster  points,  so  that  L 


converges  to  x  „ 


>-N  O  *  i 


■ 


‘ 


' 
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A  topological  space  is  compact  if  and  only  if  every  ultrafilter 
in  the  space  converges  to  a  point.  The  following  analogue  of  this  result 
follows  directly  from  the  above  lemma, 

(5.13)  Theorem,  A  proximity  space  is  compact  if  and  only  if  every 

cluster  in  the  space  is  a  point  cluster. 

If  A  fj  B  ^  Cf)  ,  then  there  exists  an  ultrafilter  L  which 
contains  both  A  and  B  .  A  similar  result  holds  for  clusters  in 
proxmity  spaces. 

(5»l4)  Theorem.  If  A  5  B  ,  then  there  exists  a  cluster  cr  in  (X,£>) 

such  that  A  and  B  both  belong  to  cr  . 

Proof .  Let  P=[CcX:C6B}„  From  Lemma  (5«7)> 
there  exists  an  ultrafilter  L  containing  A  such  that 
finite  intersections  of  members  of  L  are  near  B  ,  The 
cluster  cr  determined  by  L  contains  both  A  and  B  , 

(5.15)  Remarks .  (i)  Theorems  (5. 13)  and  (5,lh)  together  yield  the  results 

two  subsets  of  a  compact  proximity  space  are  close  if  and  only  if  their 
closures  intersect.  Therefore,  a  compact  completely  regular  space  has 
a  unique  compatible  proximity  (cf.  Theorem  (3*7) )• 

(ii)  If  A  5  B  ,  then  there  may  be  different  clusters 
cr  and  cr1  such  that  A  and  B  are  members  of  both.  For  example, 
let  X  be  the  real  line  with  the  usual  topology  and  define  A  6  B 
iff  AflB^Cj),  If  A  =  [0,1]  and  B  =  (0,1)  ,  then  A  5  B  and 


. 


■ 


. 


^  0  1 '  ( 
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both  sets  belong  to  the  point  clusters 


0 


and 


We  now  prove  a  result  similar  to!  if  L  is  an  ultrafilter 
in  Y  and  X  c:  Y  ,  then  the  trace  of  L  on  X  is  an  ultrafilter  in 
X  iff  X  e  L  . 


(5*16)  Theorem,,  Let  cr  be  a  cluster  in  a  proximity  space  (Y,6)  and 

let  X  e  cr  .  Then  there  exists  a  unique  cluster  cr 1  in  (X,6  )  such 

X 

that 

(i)  cr '  c  o- 

(ii)  or’  =  (A  c  X  :  A  e  cr]  . 


Proof .  By  Theorem  (5-8)  ,  cr  is  determined  by  an  ultra¬ 
filter  L  containing  X  .  Then  h  =  fL  f|  X  L  e  L]  ,  the 

‘X/X.  *•  a, J  7 

trace  of  L  on  X  ,  is  an  ultrafilter  in  X  and  generates 
a  cluster  cr 1  in  X  „  Since  (i)  follows  from  (ii),  it 
suffices  to  prove  (ii).  If  A  e  cr1  ,  then  A  5  (L  f|  X)  for 
each  L  e  L  c  This  implies  A  5  L  for  each  L  e  L  ,  i.e. 

A  e  a  ,  and  hence  cr 1  c  {A  c  X  :  A  e  cr }  .  To  prove  the 
reverse  inclusion,  suppose  A  c  X  and  A  €  cr  .  Then 
A  5  (L  f)  X)  for  each  L  e  L  ,  i.e.  A  e  cr’  .  Uniqueness 
is  shown  by  a  method  similar  to  that  used  in  Lemma  (5.6). 

The  following  result  corresponds  to  the  well-known  theorems 
if  L  is  an  ultrafilter  in  X  and  X  c;  Y  ,  then  L  is  an  ultrafilter 

r\j  X 

base  in  Y  and  thus  generates  an  ultrafilter  in  Y  „ 


4 
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(5*17)  Theorem .  If  X  is  a  subspace  of  a  proximity  space  (Y,5)  , 

then  every  cluster  crT  in  X  is  a  subclass  of  a  unique  cluster  cr 
in  Y  ,  and 


cr  =  [A  c  Y  %  A  6  B  for  every  B  e  cr*  }  „ 

Proof,  cr  *  is  determined  by  an  ultrafilter  L  in  X 
which  is  an  ultrafilter  base  in  Y  ,  From  5„11  (ii),  it 
follows  that  L  generates  a  cluster  cr  in  Y  ,  Moreover, 

A  e  cr  iff  A  5  B  for  each  B  €  L  iff  A  5  C  for  each 

cu 

C  e  cr’  „  Uniqueness  follows  as  usual. 

Let  f  be  a  function  from  X  onto  Y  ,  The  following  results 
are  well-known: 

(a)  If  L  is  an  ultrafilter  in  X  ,  then  f(L)  =  (f(L)  t 

r\j  t\j 

L  e  L]  is  an  ultrafilter  in  Y  , 

(b)  If  X  and  Y  are  topological  spaces,  L  is  an  0-filter 
in  X  and  f  is  continuous,  then  f(L)  is  an  0-filter  in  Y  ,  (Recall 
that  L  is  an  0-filter  in  (X,r)  iff  for  every  G  e  t  ,  either  G  e  L 

<-u  ~ 

or  (X  -  G)  e  L  .) 

r\j 

We  find  the  following  analogue  in  proximity  spaces. 

(5.18)  Theorem.  If  f  is  a  proximity  mapping  from  (X,&1)  to  (Y,52) 

and  0-  is  a  cluster  in  X  ,  then  there  corresponds  a  cluster 


in  Y  such  that: 


J  i  (3  -  X) 
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a2  ~  ^  <—  ^  •  A  f(B)  for  each  B  e  <r^} 

Proof o  a  is  determined  by  an  ultrafilter  L  in  X  , 

1  r\, 

Then  f(L)  is  an  ultrafilter  in  Y  and  generates  a 
cluster  cr^  in  Y  .  If  A  6^  f(B)  for  every  B  e  a  , 
then  A  6  f(L)  for  every  L  e  L  and  hence  A  e  cr  .  To 

CL  g 

prove  the  reverse  inclusion,  we  first  note  that  f(cr^)  c:  cr^  . 

This  follows  from  the  fact  that  if  B  e  cr^  ,  then  B  5^  L 

for  every  L  €  L  ,  and  f  being  a  proximity  mapping  implies 

f (B)  6  f(L)  for  each  L  e  L  ,  i,e.  f(B)  €  cr0  .  Thus  if 
d  2 

A  e  CTg  ,  then  A  6^  f(B)  for  every  B  e  cr^  . 

We  now  present  an  axiomatic  characterization  of  the  family  of 
all  clusters  in  a  separated  proximity  space , 

(5.19)  Definition,  A  semi -ultrafilter  S  in  a  set  X  is  a  collection 

— — __  — ■ — — — — *  f\j 

of  non-empty  subsets  of  X  satisfying  the  following  conditions s 


(i) 

If 

(AUB) 

e  S  , 

O; 

then  A  e 

S  or  B  e  S  0 

(ii) 

If 

A  €  S 

and 

A  c  B  , 

then  B  e  S  » 

(iii) 

If 

a  n  s 

for  every 

S  €  S  ,  then  A  e  S  , 

r\j  '  r\j 

(iv)  If  {x}  and  {y}  both  belong  to  £  ,  then  x  =  y  . 

Although  every  ultrafilter  is  clearly  a  semi -ultrafilter,  the 
converse  is  not  true.  Every  cluster  in  a  separated  proximity  space  is 
a  semi -ultrafilter,  showing  that  a  semi -ultrafilter  is  not  necessarily 


a  filter. 


. 


. 
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(5°20)  Theorem,  Let  C>  denote  the  family  of  all  clusters  in  a  separated 

proximity  space  (,X,S)  ,  Then  the  following  conditions  are  satisfied; 

(i)  Let  A  and  B  be  subsets  of  X  ,  If  for  every  E  c  X 

there  is  a  cr  €  C  such  that  either  A,  E  e  cr  or  (X  -  E),  B  e  cr  , 

then  there  is  a  <jr  €  C  such  that  A,  B  e  cr*  , 

(ii)  Consider  any  cr  e  C  ,  If  for  each  B  e  cr  there  is  a 

cr*  e  C  such  that  A,  B  e  cr?  ,  then  A  e  cr  . 

r\j  7  7 

(iii)  Each  ultrafilter  in  X  is  contained  in  some  member  of  C  . 

Proof,  (i)  is  a  consequence  of  the  Strong  Axiom  and  Theorem 
(5.1*0  *  Condition  (ii)  follows  from  the  fact  that  any  two  sets 
in  a  cluster  are  near  to  one  another,  and  (iii)  is  proved  in 
Theorem  (5.8), 

(5..21)  Theorem,  If  C  is  a  family  of  semi-ultrafilters  in  X  satisfy- 

;  ■  ’ 

ing  conditions  5.20  (i),  (ii)*'  and  (iii),  then  there  exists  a  separated 
proximity  5  on  X  such  that  C  is  the  family  of  all  clusters  in 
(X,6)  . 


Proof,  If  C  is  a  family  of  semi-ultrafilters  satisfying 


5.20  (i),  (ii)  and  (iii),  define  5  by: 


A  5  B  iff  there  is  a  cr  e  C  such  that  A,  B  e  cr 
(Theorem  (5.14)  provides  a  motivation  for  this  definition.) 


(5-22) 


-  43  - 


That  5  is  a  proximity  on  X  will  now  be  verified. 

(1)  Symmetry  is  obvious  from  (5.22). 

(2)  (A  (J  B)  5  C  iff  there  exists  a  cr  e  C  such  that 

(A  U  B)  ,  C  e  cr  .  This  is  equivalent  to  A,C  e  cr  or 

B,C  €  cr  ,  i.e.  A  5  C  or  BSC. 

(3)  That  A  fit  (j)  follows  from  the  fact  that  (j>  does  not 
belong  to  any  semi-ultraf ilter . 

(4)  If  for  every  subset  E  of  X  either  A  6  E  or 

(X  -  E)  5  B  ,  then  there  exists  a  cr  e  C  such  that  A,E  e  cr 

r\, 

or  (X  -  E),B  e  cr  .  Since  C  satisfies  5*20  (i)  by  hypothesis, 
there  exists  a  cr  *  e  C  such  that  A,B  e  cr’  ,  i.e.  A  6  B  . 

'-u 

(5)  An  B^(j)  implies  A  and  B  both  belong  to  some 
ultrafilter  L  .  Hence  by  5°20  (iii),  there  exists  a  cr  e  C 
such  that  L  c  cr  )  that  is,  A,B  e  cr  which  implies  A  S  B  . 

r\j 

(6)  If  x  S  y  ,  then  x  and  y  both  belong  to  some 

cr  €  C  .  Then  by  5*19  (iv)  ,  x  =  y  . 

The  next  step  is  to  prove  that  each  cr  e  C  is  a 
cluster  in  (X,5)  . 

(a)  If  A, B  6  cr  then  by  (5.22),  A  6  B  „ 

(b)  If  A  S  B  for  every  B  €  cr  ,  then  for  each  B  e  cr 

there  exists  a  cr’  €  C  such  that  A,B  e  crr  .  By  5*20  (ii), 

A  €  cr  . 

(c)  By  5.19  (i),  (A  U  B)  e  cr  implies  A  e  cr  or  B  e  cr  „ 


' 


' 
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It  now  remains  to  show  that  every  cluster  cr  in 
(X, 5)  belongs  to  C  .  From  Theorem  (5.8),  we  know  that  cr 
is  determined  by  some  ultrafilter  L  in  X  „  By  5,20  (iii), 
there  is  a  cr  *  e  C  such  that  Leo-'  ,  But  cr f  is  a  cluster 
and,  since  L  generates  a  unique  cluster,  cr  =  cr1  „  Therefore, 
cr  e  C  , 

(5o23)  Remarks ,  Theorems  (5.20)  and  (5.21)  together  indicate  that  the 

concept  of  a  cluster  may  be  considered  as  a  primitive  concept  in  proximity 
theory.  We  may  then  define  a  proximity  space  to  be  a  set  X  together 
with  a  family  of  semi -ultrafilters  satisfying  5.20  (i),  (ii)  and  (iii). 
Each  member  of  this  family  will  be  called  a  cluster.  This  leads  to 
an  alternate  treatment  of  proximity  spaces  and  enables  one  to  prove  the 
compactif icat ion  of  a  proximity  space  (see  Section  7)  without  the  use 


of  the  axiom  of  choice. 


N 
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§60  Duality  In  Proximity  Spaces, 

In  Section  we  saw  an  alternate  way  of  studying  proximity 
spaces  using  6-neighbourhoods ,  If  6  is  a  proximity  on  X  ,  then  6 

X 

and  «  are  dual  relations  on  2  in  the  following  sense: 

*  X 

(6.1)  Definition,  Two  relations  0  and  0  on  2  are  dual  iff 

■)£  y )( 

A  0  B  is  equivalent  to  A  f  (X  -  B)  ,  Clearly  0  =  0  ,  justifying 

the  term  dual. 

In  this  section,  a  study  is  made  of  this  duality  with  special 
reference  to  clusters  and  their  duals,  "ends". 

(6.2)  Definition,  Let  G  be  a  class  of  subsets  of  a  proximity  space 

(X,6)  .  Defines 

(a)  G°  =  (E  c  X  l  there  exists  an  A  e  G  such  that  A  «  E]  „ 

(b)  G*  =  (E  c  X  ;  E  5  A  for  every  A  e  G]  . 

(c)  G*  =  [E  c  X  !  (X  -  E)  {  G]  ,  the  dual  of  G  . 

(6.5)  Lemma,  G°  and  G1  are  dual  classes. 

Proof.  E  e  G°  iff  there  exists  an  A  e  G  such  that  A  «  E  , 

- - *  Oi  rv/ 

This  is  equivalent  to  the  existence  of  an  A  €  G  such  that 
(X  -  E)  p  A  ,  i.e.  (X  -  E)  {  G«  . 

(6,4)  Definition,  An  end  F  in  a  proximity  space  (X,5)  is  a  collection 


■■  9 


! 


- 
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of  subsets  of  X  satisfying  the  following  conditions* 

(i)  B,C  e  F  implies  there  exists  a  non-empty  A  €  F  such 

that  A  «  B  and  A  «  C  . 

(ii)  If  A  «  B  ,  then  either  (X  -  A)  e  F  or  B  e  F  . 


(6.5) 


Definition, 


A  round  filter  F  is  a  filter  with  the  additional 
— - — 


property  that  for  each  F  e  F  ,  there  exists  an  F_  e  F  such  that 

I  rU  C_ 

«  F,  * 


(6.6)  Remarks*  Clearly  if  F  is  an  end  in  X  ,  then  d)  i  F  and 

1  '  r\j 

X  e  F  ,  An  example  of  an  end,  and  also  of  a  round  filter,  is  the 
system  N  of  5-neighbourhoods  of  a  point  x  e  X  ,  If  F  is  a 
maximal  round  filter  converging  to  x  ,  then  F  =  N 

r\j  <vX 

Some  authors  use  the  term  regular  filter  rather  than  round 
filter*  F  is  said  to  be  a  centred  5-system  iff  (a)  A,B  e  F  implies 

r\j  ■ —  — “ “ — '  1  —  r\j 

A  f)  B  /  (|>  „  and  (b)  A  e  F  implies  the  existence  of  a  B  e  F  such 
that  B  «  A  *  Alexandroff  originally  defined  an  end  to  be  a  maximal 
centred  5-system.  Theorem  (6*9)  shows  the  equivalence  of  this  definition 
to  the  one  stated  in  (6,4),  noting  that  a  maximal  round  filter  is  the 
same  as  a  maximal  centred  5-system, 

(6.7)  Theorem,  Every  end  is  a  maximal  round  filter. 


Proof,  Suppose  that  F  is  an  end,  and  begin  by  showing 
that  F  is  a  filter.  Condition  6,4  (i)  and  the  fact  that 


"'-V 
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X  €  F  together  show  that  F  is  a  non-empty  filter  base. 
Given  that  C  e  F  and  C  c.  D  ,  we  must  show  that  D  e  F  . 

'■v 

By  6.4  (i),  there  is  an  A  e  F  such  that  A  «  C  .  From 
3  =  9  (iii)  we  have  A  «  D  ,  and  condition  6.4  (ii)  demands 
that  either  (X  -  A)  €  F  or  D  e  F  .  But  6.4  (i)  excludes 

r\j  r\j 

the  first  possibility  since  A  e  F  ,  so  that  D  e  F  . 

r\j  f\j 

That  F  is  a  round  filter  follows  immediately  from 

6.4  (i) o 


Finally,  we  must  show  that  the  round  filter  F 

*\j 

is  maximal.  Let  G  be  a  round  filter  such  that  F  c  G  . 


Suppose  B  €  G 

r\j 

that  A  «  B  . 
(X  -  A)  ^  F  . 


r\j  r\j  r\j 

•  Then  by  6.4  (i),  there  is  an  A  e  G  such 

r\j 

Since  G  is  a  filter  and  A  e  G  ,  we  know 

r\j  r\j 

Hence  B  e  F  by  6.4  (ii),  showing  that  F  =  G 


(6.8)  Lemma.  Let  F  be  a  round  filter  and  A  «  B  .  If  A  intersects 

— —  r\j 

every  member  of  F  ,  then  B  belongs  to  some  round  filter  finer  than  F  . 


Proof.  Let  G  =  (A  f|  F  "  F  €  F]  and  consider  G°  .  We 
shall  show  that  G°  is  a  round  filter  finer  than  F  and  that 

r\j 

it  contains  B  .  Let  P  and  Q  be  members  of  G°  .  Then, 
by  definition,  there  exist  members  C  and  D  of  F  such 
that  (A  n  C)  «  P  and  (A  f|  D)  «  Q  »  Since  F  is  a 
filter,  there  exists  an  E  e  F  such  that  E  <z  (C  Q  D)  .  From 
3.9  (iii)  and  3.9  (iv)  ,  it  is  evident  that  (A  f)  E)  «  P  , 
(Aq  E)  «  Q  ,  and  hence  (A  f)  E)  <<c  (p  D  Q)  •  Since 


' 


. 
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(A  n  E)  e  G  ,  it  follows  that  (P  Q  Q)  €  G°  .  Hence  G°  is 

r\j 

^  filter,  since  supersets  of  members  of  G  clearly  belong 
to  G  .  Now  by  3„9  (vi),  there  is  an  R  such  that 
(A  fl  E)  «  R  «  (p  fl  Q)  .  By  taking  P  =  Q  and  noting  that 
(A  fl  E )  €  G  implies  R  £  G  we  see  that  the  filter  G° 
is  round. 


To  show  that  G°  is  finer  than  F  ,  suppose 
E  e  F  .  Since  E  «  X  and  A  «  E  ,  we  have  (A  f|  E )  «  B 
by  3.9  (iv),  showing  that  B  €  G°  .  Now  F  is  a  round 

r\_y 

filter,  implying  that  there  exists  an  F  €  F  such  that 

F  «  E  o  By  3*9  (iii),  (A  fl  F)  «  E  and  so  E  e  G°  . 


(6.9)  Theorema  F  is  an  end  if  and  only  if  F  is  a  maximal  round 

1  rV 

filter . 


Proof .  In  view  of  Theorem  (6»7)>  it  is  sufficient  to  show 
that  every  maximal  round  filter  F  is  an  end.  Condition  6.4 
(i)  is  clearly  satisfied  by  any  round  filter.  In  verifying 
6.4  (ii),  suppose  A  «  B  and  B  ^  F  „  Since  F  is  maximal. 
Lemma  (6.8)  guarantees  the  existence  of  an  E  €  F  such  that 
A  fl  E  =  d>  .  Thus  E  c  (X  -  A)  and  (X  -  A)  €  F  since  F 

1  r\j  i\j 

is  a  filter,  proving  6.4  (ii). 

(6.10)  Corollary o  Every  round  filter  is  a  subclass  of  some  end. 


The  following  is  the  main  result  of  this  section,  pointing  out 


■  ^ 
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the  duality  between  clusters  and  ends. 

(6.11) 


Note  that  (a)  is  simply  a  restatement  of  6,4  (ii)„ 

If  F  is  an  end,  it  clearly  satisfies  (a)  and  (c). 
That  (b)  is  satisfied  follows  from  6.4  (i),  which  states  that 
given  B  €  F  ,  there  exists  an  E  e  F  such  that  E  <<  B  „ 

ru  r\j 

Since  F  is  a  round  filter  by  (6, 7)>  (X  -  E)  I  F  , 

Conversely,  we  must  show  that  if  ^F  satisfies  (a), 
(b)  and  (c),  then  F  is  an  end.  In  doing  so,  we  need  only 
verify  6.4  (i).  In  view  of  (c)  and  3.9  (iii),  it  is  sufficient 
to  show  that  given  a  B  e  F  ,  there  exists  a  non-empty  A  e  F 


Theorem .  F  is  an  end  if  and  only  if  F  is  a  cluster 

^  A  . 


Proof .  If  F  is  a  cluster,  then: 

"  7 


(a  )  A, B  e  F  implies  A  5  B 


* 


(b  )  A  5  B  for  every  B  e  F  implies  A  e  F 

r'->  r\. 


(c  )  (A  U  B)  e  F  implies  A  e  F*  or  B  e  F^  . 


ru 


The  dual  F  of  F  satisfies  the  following  conditions 

'“Vj  <~\j  u 

(a)  A  «  B  implies  (X  -  A)  €  F  or  B  €  F  . 


(b)  Given  B  e  F  ,  there  is  an  E  such  that 

r\j 

(X  -  E)  i  F  and  E  «  B  . 

■  Oj 


(c)  A,B  e  F  implies  A  Q  B  c  !  . 


ru 
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such  that  A  «  B  „  If  B  £  F  ,  then  (b)  assures  the  existence 

r\j 

of  an  E  such  that  E  «  B  and  (X  -  E)  (  F  .  By  3.9  (vi), 
there  exists  an  A  such  that  E  «  A  «  B  .  Since  E  «  A 
and  (X  -  E)  ^  F  ,  we  see  from  (a)  that  A  €  F  .  Finally, 

(X  -  E)  {  F  implies  E  ^  (f  ,  and  so  A  ^  (f  . 

(6.12)  Corollary „  For  discrete  proximity  spaces,  ends  and  clusters 
both  coincide  with  ultrafilters. 

(6.13)  Corollary.  G°  is  an  end  if  and  only  if  G’  is  a  cluster. 

Oj  r\j 

(6.14)  Theorem.  Every  ultrafilter  F  in  a  proximity  space  contains  a 

unique  end  F°  . 


Proof.  By  Corollary  (5.IO),  F  is  a  subclass  of  the  unique 

— — 

-ft 

cluster  F1  .  Taking  duals,  we  obtain  F*  c  F  .  Using 

r\j  *\j  *\j 

Lemma  (6.3)  and  the  self-duality  of  F  ,  this  reduces  to 
the  statement  that  F°  c  F  .  That  F°  is  an  end  follows 

(\j  r\j  r\j 

from  Corollary  (6.13)* 

To  prove  uniqueness,  suppose  that  G  is  any  end 
contained  in  F  .  Then  G  c  F  .  But  G  =  G  since  G 

r\_,  r\j  r\j  *\j  r\j 

is  an  end,  and  hence  a  maximal  family.  Therefore  G  c  F°  , 

/  r\j  *\j 

from  which  we  deduce  that  F°  =  G  ,  again  because  an  end 
is  a  maximal  family. 


The  following  is  the  dual  of  Theorem  (5.14). 


•  ' 

—  -V 


. 


•  J 
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(6.15)  Theorem.  A  «  B  in  a  proximity  space  (X,5)  if  and  only  if 
every  end  in  X  contains  either  (X  -  A)  or  B  . 

Proof .  Necessity  is  given  by  6.4  (ii).  To  prove  the  converse, 

let  A  <j<  B,  i.e.  A  5  (X  -  B)  .  By  Theorem  (5.14),  there 

■& 

exists  a  cluster  F  containing  both  A  and  (X  -  B)  .  Hence 
both  (X  -  A)  and  B  are  not  in  F  which,  by  Theorem  (6.11), 

r\j 

is  an  end. 

The  axiomatic  characterization  of  clusters  (Theorems  (5.20), 
(5.21))  has  the  following  dual  regarding  ends.  The  proof  is  omitted, 
being  a  straightforward  application  of  the  preceding  theorems. 

(6.16)  Theorem.  Let  0  be  a  family  of  filters  (called  ^-filters)  in 

X  .  Then  0  is  the  family  of  all  ends  for  some  separated  proximity  on 
X  if  and  only  if  the  following  conditions  are  satisfied: 

(i)  If  F  is  a  0-filter,  then  VQ^,F  contains  at  most  one 

ro 

point . 

(ii)  If  F  €  0  and  B  e  F  ,  then  there  is  an  A  e  F  such 
that  every  0-filter  contains  either  (X  -  A)  or  B  . 

(iii)  If  every  0-filter  contains  at  least  one  of  the  sets  C 
or  D  ,  then  there  is  a  B  such  that  every  0-filter  which  does  not 
contain  C  contains  B  ,  and  every  0-filter  which  does  not  contain  D 
contains  (X  -  B)  . 

(iv)  Every  ultrafilter  in  X  contains  some  0-filter  as  a 


subclass  o 


' 


•  v 


. 
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§7 •  Smirnov  Compact  if ication . 

It  should  be  mentioned  at  the  outset  that  throughout  this 
section ,  we  shall  work  exclusively  with  separated  proximity  spaces. 

In  Theorem  (3-7)>  it  was  shown  that  every  compact  Hausdorff 
space  has  a  unique  compatible  separated  proximity.  The  problem  considered 
in  this  section  is  to  determine  whether  or  not  every  separated  proximity 
space  (X,&)  can  be  embedded  in  a  compact  proximity  space  Y  such 
that  the  proximity  5  is  the  subspace  proximity  induced  by  the  unique 
proximity  on  Y  „  This  can  indeed  be  done,0  in  fact,  there  is  an  intimate 
relationship  between  the  proximities  associated  with  a  Tychonoff  space 
and  its  compactif ications .  A  one-to-one  order-preserving  mapping  (i.e. 
an  order-isomorphism)  exists  between  the  two,  and  consequently  the  study 
of  proximities  can  be  reduced  to  that  of  compactif ications .  We  have 
already  seen  (Remarks  (2.18))  that  the  real  line  has  two  distinct  compatible 
proximities.  These  actually  correspond  to  the  two  compactifications  of 
the  real  line,  namely  the  Alexandroff  one-point  compactificat ion  and 
the  two-point  compactif ication. 

Using  clusters,  we  shall  now  construct  the  Smirnov  compactification 
of  a  separated  proximity  space.  Let  (X,5)  be  a  separated  proximity 
space  and  let  X  denote  the  set  of  all  clusters  in  X  .  For  A  c  X  , 
let 


A  e  cr } 


For  x  e  X  let  f(x)  =  cr  (the  point  cluster).  Then  it  is  easy  to 

X 


see  that: 


. 
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(i)  f  is  a  one-to-one  mapping,  and 
(ii)  f (A)  c  A  . 

It  is  to  obtain  property  (i)  that  we  insist  on  the  proximity  b  being 
separated,  for  we  are  then  assured  that  each  point  x  e  X  is  a  member 
of  one  and  only  one  cluster  in  X  . 


(7„l)  Definition,  For  P  c  X  ,  we  say  that  a  subset  A  of  X  absorbs 

r\j  r\j  1 

P  iff  A  e  d  for  every  cr  e  P  ,  i„e.  P  c:  A  . 


(7.2) 


X 


Lemma .  The  binary  relation  5  ‘  on  2  defined  by 


(7.3) 


P  b  0  iff  A  absorbs  P  and  B  absorbs  Q  implies  A  b  B  , 

r\j  r\j  >\j  ^ 


is  a  separated  proximity  on  X 


Proof,  (i)  Symmetry  of  b  follows  from  that  of  b 


(ii)  Suppose  that  Q  6  R  ,  that  D  absorbs 

fp  N  O)  ,  and  that  C  absorbs  R  ,  Then  D  absorbs  Q 

* 

and  hence  D  b  C  .  Thus  (P  U  Q)  &  R  .  Conversely,  suppose 

r\j 

that  (P  U  Q)  &  R  and  that  P  p(  R  .  Let  B  absorb  (g 
and  C  absorb  R  .  Then  we  must  show  that  B  5  C  .  Since 


P  R  ,  there  are  sets  A  and  D  absorbing  P  and  R 

'  ro 

respectively  such  that  A  ^  D  ,  By  the  Strong  Axiom,  there 
is  an  E  such  that  A  pi  E  and  (X  -  E)  ft  D  .  Because  D 
absorbs  R  and  (X  -  E)  ?  D  ,  (X  -  E)  belongs  to  no  cluster 
in  R  ,  Thus  (c  -  E)  belongs  to  no  cluster  in  R  , 


But 


■  -  '•  ■ 


. 


. 
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C  =  (C  -  E)  U  (C  n  E)  absorbs  R  ,  implying  that  C  f)  E 

absorbs  R  .  Now  (A  U  B)  absorbs  (P  U  Q)  ,  which  shows 

that  (A  U  B)  5  (C  f)  E)  .  This  contradicts  the  fact  that 
A  p  E  implies  A  (C  fl  E)  .  Thus  B  5  C  . 

(iii)  That  P  5  Q  implies  P  and  Q  are  non-empty 

follows  directly  from  (1.3). 

(iv)  If  P  Q  ,  there  are  sets  A  and  B  absorb- 

r\j  '  l\, 

ing  P  and  Q  respectively  such  that  A  B  .  By  the  Strong 

Axiom,  there  is  an  E  such  that  A  p  E  and  (X  -  E)  p  B  . 

Since  (X  -  E)  Sf  B  and  B  absorbs  Q  ,  (X  -  E)  belongs  to 

'  i\j 

no  cluster  in  Q  .  Thus  E  absorbs  Q  .  Now  let  R  =  E  . 

O-/  r\j  f\j  *\j 

* 

Then  P  SI  R  since  A  absorbs  P  ,  E  absorbs  R  and 

r\j  '  c\j  r\j 

A  S  E  .  Since  E  belongs  to  no  cluster  in  (X  -  R)  ,  (X  -  E) 
absorbs  (X  -  R)  .  Then  (X  ■  E)  SB  implies  (X  -  R)  &  Q  . 

'r\j  r\j  (  f\j  r\j  •  r\j 

(v)  Suppose  that  P  f)  Q  /  (|>  and  that  A  and  B 


absorb 

P  and  Q 

respectively.  Then 

both 

A  and  B  absorb 

* 

P  fl  Q  , 

so  that 

A  6  B  and  hence  P  S 

■  Q  • 

(vi)  A 

absorbs  {cr}  where 

cr  e  X 

iff  A  e  cr  . 

Hence 

ffl  5*  a2 

iff  every  set  in  cr^ 

is  in 

cr^  and  vice 

versa . 

* 

Thus  6 

is  a  separated  proximity  on  X  „ 

Notation.  Let  t  be  the  topology  induced  on  X  by  6 

(7.4)  Lemma.  (X,5)  is  proximally  isomorphic  to  f(x)  with  the 

induced  proximity  of  6  ,  and  f(X)  is  dense  in  X  <, 


■ 
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Proof „  We  first  note  that 
Hence  cr  6  f(B)  iff  Bee 
of  f(B)  »  Since  X  belongs 
in  X 


A  absorbs  f(B)  iff  B  c  A  . 

—  * 

>  that  is,  B  is  the  t  -closure 
to  every  cluster,  f(x)  is  dense 


Now  f(A)  5  f(B)  iff  C  5  D  whenever  C  and  D 
absorb  f(A)  and  f(B)  respectively  iff  C  5  D  whenever 
A  c  C  and  B  c  D  ,  But  this  last  statement  is  equivalent  to 
A  5  B  ,  so  that  f(A)  5*  f(B)  iff  A  5  B  „  Thus  X  is 
proximally  isomorphic  to  f(x)  , 


(7.5) 


Lemma  , 


is  compact. 


Proof,  By  Theorem  (5. 13)?  it  is  sufficient  to  show  that  an 
arbitrary  cluster  cr  in  X  is  a  point  cluster.  Since  f(X) 

r\j 

is  dense  in  X  ,  f(X)  e  cr  ,  From  Theorem  (5,1 6),  there  is 
a  unique  cluster  cr1  in  f(x)  such  that  a1  a  cr  a  Since 
X  is  proximally  isomorphic  to  f(X)  ,  there  is  a  cluster 
cr*'  in  X  which  corresponds  to  cr'  ,  To  be  specific, 
a’  =  (f(A)  l  A  e  crn]  ,  Referring  to  the  proof  of  (7,4),  we 
find  that  O'”  5  f(A)  iff  A  e  cr*!  .  Applying  Theorem  (5,17), 
we  obtain  crn  €  cr  ,  and  hence  <j  is  a  point  cluster. 


(7*6)  Lemma,  X  is  unique  up  to  6-homeomorphism, 

'  r\s 


Proof,  Suppose  (X,6)  is  S-homeomorphic  to  a  dense  subset 


of  a  compact  proximity  space  (Y,6^)  ,  To  each  cluster  cr 


X 


■  l 
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in  X  ,  there  corresponds  a  cluster  cr *  in  Y  by  Theorem  (5.18). 
Since  Y  is  compact,  we  know  from  Theorem  (5 . 13)  that  cr*  is 
a  point  cluster.  By  Theorem  (5. 16),  every  point  (and  hence 
cluster)  in  Y  yields  a  unique  cluster  (via  the  6-homeomorphism 
of  the  dense  subspace)  in  X  .  Thus  the  clusters  in  X  are 
exactly  those  determined  by  points  in  Y  ,  so  that  X  and 
Y  are  6-homeomorphic . 

"ombining  the  above  sequence  of  lemmas,  we  obtain  the  main 
result  of  this  section. 

(7.7)  Theorem.  Every  separated  proximity  space  (X,8)  is  a  dense  sub¬ 
space  of  a  unique  (up  to  6-homeomorphism)  compact  Hausdorff  space  X  « 

Since  X  has  a  unique  compatible  separated  proximity,  subsets  A  and 
B  of  X  are  near  iff  their  closures  in  X  intersect  (X  is  called 
the  Smirnov  compactif icat ion  of  X  . ) 

(7.8)  Corollary.  The  topology  of  a  separated  proximity  space  is 
Tychonof f . 

(7.9)  Remarks.  In  the  statement  of  Theorem  (7.7),  we  have  identified 

X  with  f(X)  as  is  usually  done. 

The  Smirnov  compact ificat ion  of  (X,6)  can  also  be  constructed 

by  embedding  (X,6)  in  the  proximity  space  (Y,5  )  ,  where  Y  is  the 

•** 

family  of  all  ends  in  X  and  6 
following  equivalent  ways. 


is  defined  in  either  of  the  two 
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(i)  For  subsets  *  and  *  of  Y  ,  jt,  &  *  iff  for 

i  d  ~  1  2 

every  finite  collection  of  sets  [B.  :  i  =  l,...,n]  such  that  B ,  »  A. 

1  ii 

n 

where  ^  A±  =  X  ,  there  exist  F  e  and  G  e  it  such  that 
Bk  e  (F  n  G)  for  some  1  <  k  <  n  , 

(ii)  Setting  0(A)  =  [a  A  e  a,  a  e  Y]  ,  define  it  &  jr 

12 

iff  there  exist  sets  A  and  B  such  that  A  pf  B  and  ^  c  0(A)  and 
Jtg  <=  0(B)  . 

It  can  be  shown  that  (Y,t(5  ))  is  compact.  Since  the  Smirnov 

'<r\j 

compactif ication  is  essentially  unique,  the  duality  existing  between 
clusters  and  ends  is  again  brought  to  our  attention. 

(7»10)  Theorem,  Every  proximity  mapping  g  of  (X,&^)  onto  ( Y,& ) 

has  a  unique  extension  g  ,  which  is  a  proximity  mapping  of  the 

*  * 
compact  if ication  (X,S  )  of  X  onto  the  compactif ication  (Y,6  )  of 

A/  i  /  Aj  d 

Y  , 


Proof,  It  follows  from  Theorem  (5ol8)  that  if  cr^  is  a 
cluster  in  X  ,  there  corresponds  a  cluster  cr^  in  Y  such  that 

=  [P  c  Y  i  P  &2  g (C )  for  every  C  e  }  „  Let  g^)  =  o"2  .  Then 
g  is  a  function  from  X  to  Y  .  Clearly  g  maps  the  point  cluster 
of  x  into  the  point  cluster  of  g(x)  ,  In  other  words,  g  agrees 

with  g  on  X  (identifying  X  with  f(X)  ,  where  f(x)  =  ,  To 

—  * 
show  that  g  is  a  proximity  mapping,  we  must  show  that  P  Q  implies 


g(P)  g(Q) 

^  CL  ^ 

y  1  »6  O 

if  A 

absorbs 

g(p) 

and  B  absorbs 

g  (Q  )  then 

A  &2  B  .  If 

A  ?2  B 

,  then 

by  Lemma 

(3-3) 

there  are  sets  C 

and  D 

such  that  A  (Y  -  C)  ,  B  (Y  -  D)  and  C  D  , 


Since  A 


J 


' 
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absorbs  g(P)  >  (Y  -  C)  belongs  to  no  cluster  in  g(P)  .  But  g  is 

a  proximity  mapping,  so  that  g”1(Y  -  C)  =  (X  -  g”1(C))  belongs  to  no 
cluster  in  P  .  This  shows  that  g_1(c)  absorbs  P  .  Similarly, 

-1  ,  .  *  _ i  _i 

g  (D)  absorbs  Q  „  Since  P  5 .  Q  ,  we  must  have  g  (c)  6,  g  (D)  . 

'V/  «-o  '  ' 

But  g  is  a  proximity  mapping,  yielding  C  6^  D  ,  a  contradiction. 

That  g(X)  =  Y  follows  from  the  fact  that  f(Y)  c  g(x)  c  Y  , 

f(Y)  is  dense  in  Y  ,  and  g(X)  is  compact.  Therefore  g  is  a 

A/ 

mapping  onto  Y  . 

Finally,  we  show  that  g  is  unique.  Suppose  there  is  another 
extension  g  .  Then  there  is  a  cr  e  X  such  that  g(cr)  ^  g  (cr)  .  Since 
Y  is  Hausdorff  and  g  is  continuous,  there  is  a  neighbourhood  E  of 
cr  such  that  g(E)  f|  g'(E)  =  d>  .  Now  f(x)  is  dense  in  X  ,  implying 

'r\j  r\j  ' 

that  there  exits  a  point  cluster  cr  e  E  f|  f(X)  .  For  such  a  cr  , 

X  'v  X 

g(ix  )  ^  g  (<J  )  .  Therefore,  g  and  g  do  not  agree  on  f(X)  ,  and 

X  X 

hence  on  X  . 


As  is  well-known,  compact if icat ions  of  a  topological  space 
X  may  be  partially  ordered  in  the  following  manner: 


~7sr  *7? 

X  >  X^  iff  the  identity  mapping  of 

* 

to  a  continuous  function  of  X  onto 


X  can  be  extended 


We  have  already  defined,  in  Section  2,  a  partial  order  on  the  set  of 
all  proximities  on  a  set  X  .  The  following  important  result  follows 
directly  from  Theorems  (3°7)  an^  (7*10)  „ 


■ 


. 


' 


(7-11) 


(7-12) 


(7.13) 
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Theorem.  Given  any  Tychonoff  space,  the  map  u  of  the  partially 

ordered  set  [5^  :  i  e  I]  of  compatible  proximities  onto  the  partially 

* 

ordered  set  (X^  .  i  €  1}  of  Smirnov  compact if icatrions  is  an  order- 

*X* 

isomorphism.  That  is,  5.  >5.  iff  X.  >X.  where  u(6.  )  =  X.  for 

i  —  J  l—  j  'k'Tc 

k  e  I  . 

The  above  theorem  is  actually  valid  for  a  completely  regular 
space,  as  was  proven  by  Smirnov. 

Following  is  an  analogue  of  Urysohn’s  lemma  for  normal  spaces. 

Theorem.  In  a  proximity  space  (X, 5),  A  ft  B  implies  there 

exists  a  proximity  mapping  g  :  X  -»  [0,1]  such  that  g(A)  =  0  and 
g(B)  =  1  . 

Proof.  If  A  ft  B  ,  then  A  f)  B  =  (}  in  X  .  But  X  is 
normal  so  that  by  Urysohn's  lemma,  there  exists  a  continuous 
function  g  :  X  -»  [0.1]  such  that  g(A)  =  0  and  g(B)  =  1  . 

By  Theorem  (4.4),  g  is  a  proximity  mapping.  Letting 
g  =  g/f(X)  and  identifying  X  with  f(X)  ,  where  f(x)  =  o^, 
we  obtain  the  required  mapping. 

We  now  state,  without  proof,  the  analogue  of  Tietz’s  extension 

theorem. 

Theorem.  Let  A  be  any  subspace  of  a  proximity  space  X  and 

let  g  be  a  proximity  mapping  from  A  to  [0,1]  .  Then  g  can  be 
extended  to  a  proximity  mapping  g  "  X  — >  [0,1.!  . 


■ 

t) 


•VO<  if  v  ;f  . 


baft  (*)l\L  .  i 


«  8»:  qq«n  ;  3  J  ixo:  q  fo  o3  b®bn*:Jxa 
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The  compact if icat ion  of  a  proximity  space,  which  we  have 
considered  above,  is  a  special  case  of  the  general  theory  of  proximal 
extensions.  We  shall  now  consider  briefly  this  general  theory  and  show 
its  relationship  to  the  theory  of  compact if ications . 

(7.14)  Def inition0  A  proximal  (or  Sr-)  extension  of  a  proximity  space 
(X,5)  is  a  proximity  space  (Y,6!)  such  that  X  =  Y  and  6  =  &’/X  . 

A  proximity  space  is  maximal  (or  absolutely  closed)  iff  it  is  its  own 
5-extens ion. 

(7.15)  Theorem.  A  separated  proximity  space  (X,S)  is  maximal  if  and 
only  if  every  cluster  in  X  is  a  point  cluster. 

Proof.  If  X  is  not  maximal,  there  is  *a  non-isolated 
point  £  which  can  be  adjoined  to  it  so  as  to  obtain  a 
proximal  extension  Y  .  Then  from  Theorem  (5.16),  there 
exists  a  unique  cluster  cr  in  X  which  is  a  subclass  of 
the  point  cluster  0^  in  Y  .  Obviously  cr  is  not  a  point 
cluster  in  X  . 

Conversely,  if  there  are  clusters  in  X  which  are 
not  point  clusters,  then  we  can  construct  a  proximal  extension 
of  X  as  in  Lemma  (7 .4) .  Thus  X  is  not  maximal. 

(7.16)  Corollary.  A  separated  proximity  space  is  maximal  if  and  only 


if  it  is  compact. 


' 
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Every  Tychonoff  space  has  a  maximal  compac tlTicat ion,  namely 
the  Stone-Cech  compactif ication.  The  following  theorem  characterizes 
those  separated  proximity  spaces  which  have  minimal  compactif icat ions . 

(7»17)  Theorem,  A  Tychonoff  space  X  has  a  minimal  compactif ication 

if  and  only  if  it  is  locally  compact. 

Proof .  If  X  is  locally  compact,  we  may  resort  to  the 
Alexandroff  one-point  compactif icat ion,  which  is  the  minimal 
compactif ication  of  X  . 

Conversely,  suppose  that  X  has  a  minimal 

*  * 
compactif ication  X  .  In  order  to  show  that  X  is  the 

Alexandroff  one-point  compactif ication,  suppose  there  are 

.  *  . 

two  different  points  £  and  rj  in  (X  -  X)  .  We  can  then 

*  * 

construct  a  smaller  compactif icat ion,  X^  ,  than  X  by 

* 

"pasting"  £  and  rj  together.  Open  sets  in  X^  are  then 
those  which  do  not  contain  ^  or  t)  ,  and  those  which  contain 
both  £  and  tj  » 

(7.I8)  Corollary.  Every  Tychonoff  space  X  has  a  maximal  compatible 

proximity.  It  has  a  minimal  compatible  proximity  if  and  only  if  it  is 
locally  compact. 

A  separated  proximity  relation  6  may  be  defined  on  a  locally 


compact  Hausdorff  space  by 


. 


no  Hosbnax^JA 


. 


s  1 
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(7*19)  A  ^  B  iff  A  f|  B  =  (j)  and  either  A  or  B  is  compact,, 

Indeed,  applying  Lemma  (3 06 ),  this  can  be  shown  to  be  the 
smallest  compatible  proximity  relation  possible  on  a  locally  compact 
Hausdorff  space.  We  have  previously  seen  that  the  largest  proximity 
which  can  be  defined  on  a  Tychonoff  space  is  A  ^  B  iff  A  and  B 
are  functionally  distinguishable,.  If  a  Tychonoff  space  possesses  a 
unique  proximity,  clearly  the  maximal  and  minimal  compac tlf icat ions 
coincide  0  These  considerations  together  with  the  preceding  results 
yield  the  following  important  theorem, 

(7„2Q)  Theorem,,  A  Tychonoff  space  X  has  a  unique  compatible 

proximity  if  and  only  if  every  pair  of  non-compact  closed  subsets  A 
and  B  of  X  are  functionally  indistinguishable. 

We  now  consider  those  topological  spaces  which  have  a  unique 
compatible  proximity  given  by 

A  5  B  iff  . 

It  has  already  been  shown  (Theorem  (3»7))  that  compact  Hausdorff  spaces 
are  of  this  form* 

(7,21)  Definition.  A  separated  proximity  space  (X,5)  is  equinormal 

if  A  fl  B  =  0)  implies  A  pi  B  . 

It  follows  from  Theorem  (7. 12)  that  every  equinormal  proximity 
space  Is  normal.  The  converse  Is  not  true,  however,  since  In  (2.18)  we 
have  A  fl  B  =  <f  although  A5jB,  The  following  Is  a  generalization 


* 

• ;  ' 


. 


r3 -ra  1  yJ  .3  Bf  •'  .  ,;q 

Ic  1 “t  h- M  a  ;  .1  *•:.  o  X  )o  $ 


. 


» 

' 


■ 


- 


' 
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of  Theorem  (4.4) . 

(7°22)  Theorem,,  A  normal  separated  proximity  space  (X,6)  is  equinormal 

if  and  only  if  every  real-valued  continuous  function  on  X  is  a  proximity 
mapping. 


Proof „  The  proof  of  necessity  is  exactly  the  same  as  that 
for  Theorem  (4.4). 

To  prove  the  converse,  let  X  be  a  normal  proximity 
space  such  that  every  real-valued  continuous  function  on  X 
is  a  proximity  mapping.  If  A  f)  B  =  (j>  ,  then  by  Urysohn's 
lemma  there  exists  a  continuous  function  f  “  X  -»  [0,1]  such 
that  f(A)  =  0  and  f(B)  =  1  .  By  hypothesis,  f  is  also 
a  proximity  mapping  and  so  A  ft  B  ,  i.e.  A  ^  B  „ 

(7.23)  Corollary.  A  normal  separated  proximity  space  (X,5)  is 

equinormal  iff  the  proximity  6  is  induced  by  the  Stone-Cech 
compact if ication  of  X  „ 

(7 .24)  Corollary,,  Every  proximity  for  a  normal  T^space  X  is  equinormal 
iff  X  has  a  unique  compact if ication . 


N- 
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§8.  Proximity  Weight  and  Compactif ication 


In  the  previous  section  we  studied  the  compactif icat ions  of 


proximity  spaces  and  the  various  implications  of  this  theory.  In  this 
section  we  shall  define  topological  weight  and  proximity  weight,  and 
prove  stronger  results  concerning  compactif icat ions .  These  developments 
will  lead  to  some  interesting  metrization  theorems  concerning  proximity 
spaces . 

(8,1)  Definition.  The  topological  weight  w(t)  of  a  topological  space 


(X,t)  is  the  smallest  cardinal  number 


such  that  t  has  a 


topological  base  B  with  |B|  <a  . 


It  is  easy  to  see  that  w(t)  is  a  topological  invariant. 


(8.2)  Definition.  A  proximity  base  P  for  a  proximity  space  (X,5) 

is  a  subset  of  2X  such  that  A  pi  B  implies  there  are  members  U  and 
V  of  P  such  that  A  c  U  ,  B  a  V  and  U  pf  V  . 


It  is  obvious  from  Lemma  (2.8)  that  the  collection  of  closed 
sets,  in  a  proximity  space,  forms  a  proximity  base. 


(8.3)  Lemma.  If  P  is  a  proximity  base,  then  so  is  Pq  -  [Int  U  °.  U  e  P]  . 

1  ■  ■  <\j 


Proof=  If  A  pi  B  ,  then  by  (3-^)  there  are  sets  C  and  D 
such  that  A  «  C  ,  B  «  D  and  C  ?  D  .  This  in  turn  implies 


such  that  A  «  C  , 


the  existence  of  members  U  and  V  of  P  such  that  C  c=  U 
D  c  V  and  U  p(  V  .  But  A  c  Int  C  c  Int  U  c  U  and 


<?  ■'  .  I  « 


-  65  - 


®  c  ^nt  ^  V  c  V  .  Hence  Int  U  ^  Int  V  ,  and  the  conclusion 

follows . 


(8»^)  Corollary.  Given  a  proximity  space  (X,5)  ,  t(5)  is  a  proximity 

base . 


(8.5)  Lemma .  If  P  is  a  proximity  base  of  open  sets,  then  P  is  a 

r  7  r\j 

topological  base. 


Proof .  Let  G  be  an  open  set  and  x  e  G  .  Then  x  pi  (X  -  G) 
and  hence  there  are  sets  U  and  V  in  P  such  that  x  e  U  , 

(X  -  G)  c  V  and  U  ^  V  *  Also  U  n  V  =  (j>  ,  which  shows 
that  xeUc(X-V)c=G0  Thus  P  is  a  topological  base. 

(8.6) 


Theorem.  Let  B  be  a  topological  base  for  a  compact  proximity 

—————  r\j 

,  s  *  n 

space  (X,6)  .  Then  B  =  [B  :  B  =  B^,  B^  e  B]  is  a  proximity 

base . 


Proof .  From  Lemma  (2.8),  A  ^  B  implies  A  n  B  =  (j)  .  Since 
X  is  regular,  for  each  x  €  A  there  is  a  U  e  B  such 

°  7  X  <-v 


that  x  e 

U .  c  U 

X  X 

—  r 

r 

Ac  ,U.  U 

c  .IL 

i=l  x.  i=l 

1 

_  s 

we  obtain 

Be  ,U 

S  — 


r  _ 


.5.  u 

1  =  1  x, 

] 

* 


and 

V 

V 

a 

Then  U  e  B 

O/ 

* 

V 

and 

_ * 

u  n 

V*  =  H 

1  .  Therefore 

* 

*  * 
,  V  c  B 

'A-r 

*  * 
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The  following  result  is  obvious, 

(8.7)  Lemma „  Let  P  be  a  proximity  base  of  X  and  let  Y  c  X  .  Then 

PY  =  (U  n  Y  :  U  e  P}  is  a  proximity  base  for  the  subspace  Y  , 

(8.8)  Lemma,  Let  Y  be  a  dense  subspace  of  a  proximity  space  X  and 

1 

let  Q  be  a  proximity  base  for  Y  .  Then  P  =  [U  ;  U  c  Q}  is  a 
proximity  base  for  X  „ 

Proof .  If  A  and  B  are  subsets  of  X  such  that  A  pf  B  , 

then  by  (3.5)  there  are  open  sets  G  and  H  such  that  A  c  G  , 

B  cz  H  and  G  H  .  Hence  (G  fl  Y)  ^  (H  fl  Y)  ,  which  implies 

there  are  members  U  and  V  of  Q  such  that  (G  fl  Y)  c  U  c  Y  , 

r\-» 

(H  n  Y)  c=  V  c  Y  and  U  8  V  ,  Since  Y  =  X  ,  G  c  (G  fl  Y) 

X 

and  H  c  (H  fl  Y)  ,  Tnus  GcU,  H  c=  V  and  U  pi  V  . 

(8.9)  Definition,  The  proximity  weight  w(6)  of  a  proximity  space 
(X,5)  is  the  smallest  cardinal  number  a  >  /Vo  such  that  X  has  a 
proximity  base  P  with  I P I  <  a  , 

It  can  be  shown  that  w(B)  is  a  proximity  invariant.  Applying 
Corollary  (8,4)  and  Lemma  (8,5),  we  obtain  the  following  result; 

(8.10)  Theorem,  In  a  proximity  space  (X,5)  with  t  =  t(5)  , 

w(t)  <  w(B)  <  2W^T^ 

Using  this  theorem  together  with  Theorem  (8.6),  we  obtain: 


' 


. 


*•» 


■ 
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(8.11)  Corollary.  For  a  compact  proximity  space  (x,5)  ,  w(t)  =  w(6). 

(8.12)  Remark 0  It  should  be  pointed  out  that  the  converse  of  (8.11)  is 
false.  For  an  infinite  discrete  space,  w(t)  =  w(5)  although  the  space 
is  not  compact. 

The  next  lemma  follows  easily  from  Lemma  (8„7)  and  (8.8). 

(8.13)  Lemma .  If  (Y,b)  is  a  subspace  of  (X,6  )  ,  them  w(b)  <  w(6  )  . 
If  Y  is  dense  in  X  ,  their  proximity  weights  are  equal. 

We  shall  now  consider  a  strengthened  form  of  Theorem  (7,7) % 
namely,  that  the  compactif ication  of  separated  proximity  space  can  be 
effected  so  as  to  preserve  the  proximity  weight. 

(8.14)  Theorem.  Every  separated  proximity  space  (X,b)  of  proximity 

weight  6  can  be  embedded  6-homeomorphically  as  a  dense  subspace  of  a 

*  * 

compact  Hausdorff  space  X  of  the  same  proximity  weight  6  „  X  is 

unique  up  to  6-homeomorphism. 

This  theorem  will  be  proved  below  in  a  sequence  of  lemmas. 

The  construction  used  here  reminds  one  of  a  similar  one  used  in 
constructing  the  Stone-Cech  compactif ication  of  a  Tychonoff  space. 

Let  P  be  a  proximity  base  for  X  such  that  | P |  <6  ,  and 

let  C  =  {(U,V)  :  U,V  €  P  and  U  p  V)  .  Then  | C  |  <  6  .  We  know  from 

Theorem  (7. 12)  that  for  each  7  =  (U,V)  €  C  ,  there  exists  a  proximity 

mapping  f  %  X  — »  [0,1]  such  that  f^(bT)  =  0  and  f^,(V)  =  1  .  Now 

let  F  =  ff  0  7  =  (U,V)  e  C)  and  let  K  =  If  [0,1]  be  the  Tychonoff 
~  7  ~  '  7  €  C 
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cube  of  |jC  I  -copies  of  [0,1]  .  Then  K  is  a  compart  Hausdorff  space 
and  so,  by  Theorem  (3«7)>  has  a  unique  proximity  6  given  by  A  6  B 
iff  A  n  B  ji  (j)  .  Define  f  :  X  -*  K  by  f(x)  =  (f  (x))  . 

(8,15)  Lemma „  The  function  f  is  one-to-one. 


(8.16) 


Proof.  If  x  /  y  , 
members  U  and  V  of 
and  f  (V)  =  1  ,  where 

Lemma.  f  ^  l  f(x)  ->  X  is 


then  x  p  y  , 
C  such  that 
7  =  (D,V)  . 


Therefore  there  are 
X  €  U  ,  y  e  V  ,  f7(U)  =  0 

Hence  f(x)  jL  f(y)  . 


a  proximity  mapping. 


Proof.  If  A  and  B  are  subsets  of  X  such  that  A  p  B  , 
then  there  are  members  U  and  V  in  P  such  that  A  a  U  , 

B  c  V  and  U  p  V  .  Let  7  =  (U,V)  .  Now  f(A)  c  f  U7 
and  f(B)  c  ||  ,  where  U  0  =  (0)  ,  V  °  =  (1)  and 

7  e  & 

=  [0,1]  for  all  other  7  .  The  sets  containing  f(A) 

* 

and  f(B)  are  closed  and  disjoint,  showing  that  f(A)  p  f(B)  „ 
Thus  f  ^  is  a  proximity  mapping. 

(8.I7)  Lemma.  The  function  f  :  X  -»  f(x)  is  a  proximity  mapping. 

Proof.  Since  f  !  X  ->  [0,1]  is  a  proximity  mapping, 

Theorem  (7.IO)  assures  the  existence  of  a  unique  extension 

1  %  X  -*  [0,1]  where  f  is  a  proximity  mapping  on  the 

7  ~  7 

Smirnov  compact  if icat ion  X  of  X  .  Since  f^  is  continuous 


■ 


X 


;  t 


. 


. 
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for  each  y  e  C  ,  f  :  X  -»  [0*1]  ,  where  ir(x)  =  (f  (x))  , 

^  y 

is  continuous.  Since  X  is  compact.  f  is  a  proximity  mapping. 
But  this  implies  that  f  is  a  proximity  mapping,  for  f  =  f/X  . 

(8.18)  Definition.  A  proximity  space  is  said  to  be  metrizable  iff  it 
is  6 -homeomorphic  to  a  metric  proximity  space, 

(8.19)  Theorem.  A  proximity  space  (X,S)  is  proximally  homeomorphic 
to  a  totally  bounded  metric  space  if  and  only  if  its  proximity  weight 

w(S)  =  J\f0  . 


Proof.  Suppose  w(6)  ■  /Vo  .  By  Theorem  (8.14),  the 
compactification  X  of  X  has  proximity  weight  K  ,  which 
equals  the  topological  weight  w('t)  .  But  a  Tychonoff  topological 
space  with  w(t)  =  Vo  is  metrizable.  Now  a  compact  metric 
space  is  totally  bounded  and  total  boundedness  is  hereditary, 
showing  that  X  is  a  totally  bounded  metric  space. 


(8.20) 


Conversely,  if  (X,5)  is  proximally  homeomorphic 

* 

to  a  totally  bounded  metric  space  (Y,d)  then  Y  ,  the 
completion  of  Y  ,  is  compact  and  hence  separable.  A 
separable  metric  space  has  a  countable  base,  and  so  its 
topological  weight,  and  hence  the  proximity  weight  of  Y  , 


is  fV  o  Thus  the  proximity  weight  of  X 


Ar0 


Corollary.  Every  proximity  space  with  proximity  we 


ight  j\[ 


is  metrizable. 


**o?q  oliJwif  *  03  >Ji4qsoffloamod-<3  al 
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(8.21) 


Theorem,,  The  proximity  weight  of  a  metric  proximity  space  is 

if  and  only  if  it  is  totally  bounded. 


Proof, 


Sufficiency  follows  frotrrTheorem  (8.I9-).  On  the 


other  hand,  if  a  metric  space  (Y,d)  has  proximity  weight 
/Vo  ’  then  Y  is  b-homeomorphic  to  a  totally  bounded  metric 
space  (Y^d*)  .  Since  Y  and  Y*  are  uniformly  isomorphic, 
Y  too  is  totally  bounded. 


The  above  theorem  is  a  particular  case  of  a  more  general  result 
concerning  the  proximity  weight  of  a  metric  space. 

(8.22)  Definition.  A  subset  E  of  a  metric  space  (Y,d)  is  e-discrete 

iff  d(x,y)  >  e  for  every  pair  of  distinct  points  x,y  of  E  . 

Given  e  >  0  ,  there  exists,  by  Tukey's  lemma,  a  maximal 

e-discrete  subset  E  of  Y  ;  that  is,  E  c  E  c  Y  and  E  being 

e  '  e 

e-discrete  implies  E  =  E^  . 


(8.23)  Theorem,,  Let  (Y,d)  be  a  metric  space  of  topological  weight 

lj/  and  proximity  weight  0  „  For  n  €  N  ,  let  E^  be  a  maximal  —  - 
discrete  subset  of  Y  and  let  |E  |  =  an  °  Then 

00 


e 


:  •  *  .  \j 


\ 


i 
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(8.24) 


Proofs  The  family  [S(x,  :  x  e  E^}  consists  of  pair¬ 

wise  disjoint  non-empty  open  sets  in  Y  .  The  cardinality  of 

00 

this  family  is  cr  ,  so  that  c r  <  w  .  Hence  Z_  cr  < 

n  7  n  —  r  n=l  n  — 

K  *  2  /X  ■  On  the  other  hand,  [S(x,  l  x  e  E^,  n  e  N} 

covers  Y  and  forms  a  topological  base.  The  cardinality  of 

00  00 

this  family  is  <  Z  <j  ,  so  that  ip  <  Z,  cr  ,  Thus 

-  n=l  n  7  r  -  n=l  n 

* “  z/n ' 

n=l 


Every  pair  of  disjoint  subsets  of  E^  are  not  near, 

so  that  every  proximity  base  of  E  must  contain  all  subsets 

cr 

n 

of  E  .  Thus  the  proximity  weight  of  E  is  >  2  ,  show¬ 
er  00  (J 


n 


ing  that  0  >  f\fQ  2  n  >  Z  2  n  ,  On  the  other  hand,  if  the 
subsets  A  and  B  of  Y  are  not  near,  then  D(A,B)  =  e  >  0  / 
Choose  n  such  that  —  <  e/S  .  Let  U  =  U  .  S(x,  — )  and 

V  =  xeB  n)  °  rheTL  A  c  U  and  B  <=  v  and  D(U,V)  >  3e/5 

* 

>  0  ,  implying  U  ^  V  ,  So  a  proximity  base  for  Y  can  be 

constructed  by  forming  unions  of  spheres  S(x,  ^-)  with  centres 

in  E  and  all  possible  subsets  of  E  for  n  €  N  ,  This 
n  n 

oo  (j  oo  O' 

proximity  base  has  cardinality  <  Z2n,  i0e,  @<  Z  2 


00 


Thus  Q  =  Z  2 
n=l 


n 


Corollary,  A  metric  proximity  space  has  proximity  weight  /X 

fX 


or  >2 


according  as  it  is  totally  bounded  or  not 


Using  techniques  similar  to  the  above,  the  following  results 


can  be  proved.  However,  the  proofs  are  omitted  here. 


' 
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(8.25) 


(8.26) 


Theorem,,  If  cr  =  ijj  for  at  least  one  n  e  N  , 

”  A' 

This  is  the  particular  case  when  ip  =  r]  °  ,  where  r] 


cardinal  number. 


lb 

then  6  =  2Y  . 
is  an  arbitrary 


Theorem,  For  a  metric  proximity  space,  6 
as  there  exists  or  does  not  exist  an  n  €  N  such 


=  2^ 
that 


or 

cr 

n 


ip  according 

=  V  • 
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§9.  Local  Proximity  Spaces . 

In  Section  7  it  was  shown  that  a  compact  Hausdorff  space  X 

r\-> 

is  (uniquely)  determined  by  a  dense  proximity~^pace  (X,6)  ,  and  that 
A  5  B  in  X  iff  A  f|  B  d  d>  where  the  closures  are  taken  in  X  .  Now 
a  locally  compact  Hausdorff  space  Y  is  determined  by  a  dense  subspace 
X  when  we  know  not  only  the  proximity  of  X  ,  but  also  which  sets  in 
X  have  compact  closures  in  Y  „  (Such  sets  may  be  called  bounded , ) 
Boundedness  in  topological  spaces  has  been  studied  axiomatically  by 
various  authors  since  1939«  This  section  is  devoted  to  a  treatment  of 
the  interrelationships  existing  between  proximities  and  bounded  sets, 
and  eventually  leads  to  the  concept  of  a  local  proximity  space.  It  will 
be  seen  that  such  spaces  can  be  embedded  as  dense  subspaces  of  locally 
compact  Hausdorff  spaces. 

Firstly,  however,  we  shall  pursue  a  brief  study  of  boundedness 
in  topological  spaces. 

(9.1)  Definition,  A  non-empty  collection  B  of  subsets  of  a  topological 
space  X  is  called  a  boundedness  in  X  ifft 

(i)  A  e  B  and  B  c  A  implies  B  €  B  . 

n 

(ii)  [A  l  i  =  1,  ...,n]  c  B  implies  ^  Ai  e  B  . 

Elements  of  B  are  called  bounded  sets. 

r\j  ' 

(9.2)  Remarks.  (i)  If  (X,d)  is  a  metric  space,  we  may  define  a  metric 


boundedness 


»  IS  '  o 
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1$^  =  (A  c  X  ;  Sup  d(x,y)  <  oo] 

x,y  e  A 

It  is  clear  that  a  metric  boundedness  is  a  boundedness. 

(ii)  Given  any  topological  space  X  ,  we  may  define  a 
boundedness  ° 

B  =  {A  c  X  °  A  is  finite} 

(iii)  If  B  is  any  boundedness,  d>  e  B  . 

(iv)  The  intersection  of  a  non-empty  collection  of  bounded 
sets  is  bounded. 

(v)  If  X  is  bounded,  then  every  subset  of  X  is  bounded. 

(9«3)  Lemma.  If  B  is  a  boundedness  in  X  and  X  is  unbounded,  then 

F  =  [F  :  (X  -  F)  €  B] 

is  a  filter. 

Proof.  Since  X  is  unbounded,  each  F  e  F  is  non-empty. 

1  "  Ov 

If  F-  and  F  both  belong  to  F  ,  then  (X  -  F.  )  and 
(X  -  F0)  both  belong  to  B  .  Then  by  9.1  (ii),  (X  -  F1  )  U 

(x  -  F  )  =  [x  -  (F  n  F  )]  e  B  )  in  other  words,  F.  fl  F  €  F  . 

d  i.  d  'V  1  d 

If  F  e  F  and  F  c  G  ,  then  (X  -  G)  cz  (X  -  F)  „  Since 

(X  -  F)  €  B  ,  9.1  (i)  yields  G  €  F  .  Thus  F  is  a 


filter . 
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(9-*0  Corollary,  If  for  every  subset  E  of  X  either  E  €  B  or 

(X  -  E)  €  B  ,  then  F  is  an  ultrafilter. 

Throughout  the  sequel,  we  shall  always  suppose  that  B  is  a 
boundedness  in  a  topological  space  X  . 

(9*5)  Definition.  A  topological  space  is  locally  bounded  iff  each 

point  has  a  bounded  neighbourhood. 

The  following  result  is  proved  by  using  usual  techniques. 

(9.6)  Theorem.  A  compact  subset  of  a  locally  bounded  topological 

space  is  bounded. 

(9*7)  Definition.  A  topological  space  with  a  boundedness  B  is  compactly 

bounded  iff 

B  =  [B  c  X  :  B  is  compact} 

*\j 

The  following  theorem  is  obvious. 

(9.8)  Theorem.  A  Hausdorff  space  X  is  locally  compact  if  and  only 
if  X  being  compactly  bounded  implies  X  is  locally  bounded. 

(9.9)  Definition.  X  is  boundedly  compact  ("Montel"  space)  iff  every 

closed  bounded  subset  of  X  is  compact. 

In  proving  the  following  theorem  and  corollary,  we  use  two 
well-known  characterizations  of  compactness:  A  subset  E  of  a  topological 


' 


•  • 


N 
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space  X  is  compact  iff  every  filter  base  in  E  has  a  cluster  point 
in  E  iff  every  ultrafilter  in  E  converges  to  a  point  in  E  . 

(9.10)  Theorem.  X  is  boundedly  compact  if  and  only  if  every  closed 
bounded  filter  base  (i.e.  a  filter  base  consisting  of  closed  bounded 
sets)  has  a  cluster  point. 

Proof.  Suppose  that  X  is  boundedly  compact  and  let  F 

be  any  closed  bounded  filter  base  in  X  .  Given  any  F  €  F  , 

O  'V/ 

consider  the  filter  base  F  =  fF  f|  F  :  F  €  F]  .  Since  F 

~o  *■  o  ~  o 

is  compact,  F  has  a  cluster  point  x  e  F  .  Clearly  x 
'VO  00  o 

is  also  a  cluster  point  of  F  ,  and  necessity  is  proved. 

r\j 

Now  let  B  be  any  closed  bounded  subset  of  X  , 

and  consider  any  filter  base  F  in  B  .  Then  F  =  [F  I  F  e  F] 

Oyr  r\j 

is  a  closed  bounded  filter  base  in  B  c  X  and,  by  hypothesis, 

must  have  a  cluster  point  x  .  In  fact  x  €  F  for  each 

o  o 

F  e  F  ,  so  that  x  is  also  a  cluster  point  of  F  .  So 

-'U  O  'Vr 

every  filter  base  in  B  has  a  cluster  point,  implying  that 

B  is  compact.  Tnus  X  is  boundedly  compact. 

(9.11)  Corollary.  X  is  boundedly  compact  iff  every  ultrafilter  contain¬ 
ing  a  closed  bounded  filter  base  converges. 

(9.12)  Definition.  A  local  proximity  space  is  a  triple  (X,a,B)  where 
X  is  a  set,  B  is  a  boundedness  in  X  and  a  is  a  binary  relation 
on  2^  satisfying  (l.l),  (1.2),  (I.3),  (1.5)>  *-n  addition  to  the  two 


»1  >3  5  I  1  I  ! 


' 
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following  axioms; 

(a)  Let  A  c  X  and  B  €  B  .  If  for  every  C  e  B  either 
A  a  C  or  (x  -  C)  a  B  ,  then  A  a  B  . 

(b)  If  A  a  B  ,  then  there  is  a  set  D  €  B  such  that  D  c  B 

r\j 

and  A  a  D  . 

(9»l3)  Remarks .  (i)  If  X  is  bounded,  then  a  is  a  proximity  on  X  . 

(ii)  If  (X,5)  is  a  proximity  space  and  B  =  2  ,  then 

r\j 

(X,6,B)  is  a  local  proximity  space. 

(iii)  From  the  definition  of  a  boundedness  and  9*12  (b), 
we  deduce  that  every  finite  subset  of  X  is  bounded. 

(iv)  Let  X  denote  the  positive  real  numbers  with  the 
usual  metric  proximity  5  .  Let  F  be  the  filter  generated  by  the 
filter  base  consisting  of  all  right  rays.  Let  B  consist  of  all 
complements  of  members  of  F  ,  and  define: 

A  a  B  iff  (E  fi  A)  5  (E  D  B)  for  some  E  €  B  . 

It  will  be  shown  in  Theorem  (9. 16)  that,  since  F  is  a  free  round 

rV-» 

filter,  (X,a,B)  is  a  local  proximity  space. 

(v)  B  e  B  implies  the  existence  of  a  C  €  B  such 

X  '"V 

that  B  </,  (X  -  C)  . 

(vi)  As  a  consequence  of  9*12  (a)  we  obtain  the  follow¬ 
ing,  where  «  is  defined  with  respect  to  a  l 


If  A  e  B  and  A  «  C  ,  there  exists  a  B  e  B  such 


■ 
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that  A  «  B  «  C  . 

(9.14)  Definition.  A  filter  F  is  free  Iff  D  f  =  rk 

-  ^  -  F  €  F  “ 

(9*15)  Definition.  Given  a  local  proximity  space  (X,a,B),  a  binary 

7,\i 

relation  3  is  said  to  agree  locally  with  a  iff  3  and  a  agree 
whenever  either  of  the  sets  involved  is  bounded. 

(9*18)  Theorem.  Let  F  be  a  free  round  filter  in  a  proximity  space 

(X,6)  .  Define: 

(a)  B  =  (B  c  X  :  (X  -  B)  €  F]  . 

f\j 

(b)  A  a  B  iff  (E  f|  A)  b  (E  fl  B)  for  some  E  €  B 

Then  (X,a,.B)  is  a  local  proximity  space  and  a  agrees  with  6  locally. 

Proof.  That  B  is  a  boundedness  is  immediate  from  (a). 

*\s 

To  prove  that  a  agrees  with  5  locally,  suppose  A  6  B 
where  B  €  B  .  Since  F  is  a  round  filter,  the  duality 
between  F  and  B  yields  an  E  e  B  such  that  B  «  E 

r\j  r\,  r\j 

relative  to  5  .  Now  B  pi  [  (X  -  E)  f|  A]  ,  so  that  B  5 
(E  fl  A)  .  Since  (E  f|  B)  =  B,  (E  f|  A)  6  (E  f|  B)  .  Then  by 
definition,  A  a  B  .  That  A  a  B  implies  A  5  B  is  obvious. 

The  definition  of  cc»  and  the  fact  that  fx]  e  B 

J  a/ 

for  every  x  e  X  together  imply  that  a  satisfies  (1.5). 

The  remainder  of  the  axioms  for  a  local  proximity  space,  with 
the  possible  exception  of  9*12  (a),  follow  easily.  We  now 


. 


d 
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prove  the  contrapositive  of  9.12  (a),  namely  B  e  B  and 


B  «  D 

implies  there 

is  a 

C 

£  B 

such 

that  B  «  C  « 

D 

relative 

to  a  .  Let 

B  € 

B 

and 

B  « 

D  relative  to 

a  . 

Then  B 

«  D  relative 

to 

6 

also, 

for 

a  and  &  agree 

locally.  Since  6  is  a  proximity,  there  exists  an  A  such 
that  B  «  A  «  D  relative  to  5  .  As  before,  choose  an  E 
£  B  such  that  B  «  E  .  Letting  C  =  E  f|  A  ,  we  obtain  the 
required  required  result  since  C  £  B  and  6  agrees  locally 

r\j 

with  a  . 

The  next  result  shows  how  a  proximity  may  be  defined  on  a  local 
proximity  space.  This  is  valuable  since  it  enables  one  to  derive  properties 
of  local  proximity  spaces  from  known  properties  of  proximity  spaces. 

The  proof  is  trivial. 

(9.17)  Theorem.  Let  (X,a,B)  be  a  local  proximity  space,  and  define 

—————  r\j 

5  by: 

A  &  B  iff  A  a  B,  or  A  |  B  and  B  |  B  . 

Then  5  ,  called  the  Alexandroff  extension  of  a  ,  is  a  proximity  on  X  . 

The  next  corollary  follows  from  the  fact  that,  due  to  9.I3  (iii), 
x  6  A  iff  x  a  A  . 

(9.18)  Corollary.  (i)  If  for  A  c  X  ,  we  define  A  =  {x  :  x  a  A]  , 

then  X  becomes  a  completely  regular  topological  space. 

(ii)  A  a  B  iff  A  a  B  . 


' 
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Observe  that  the  proximity  6  defined  in  the  above  theorem 

X 

is  the  largest  binary  relation  on  2  which  agrees  locally  with  a  . 

(9.19)  Lemma.  Every  local  proximity  space  (X,a,B)  is  locally  bounded. 

Proof .  This  lemma  follows  directly  from  9»13  (iii)  and  the 
contrapositive  of  9*12  (a),  namely  B  €  B  and  B  «  D  implies 

f\j 

there  is  a  C  €  B  such  that  B  «  C  «  D  relative  to  a  . 

(9.20)  Lemma.  In  a  local  proximity  space  (X,a,B)  ,  the  closure  of 

a  bounded  set  is  bounded. 

Proof.  Let  B  £  B  and  consider  B  .  By  9*13  (v),  there 

— — —  r\j 

exists  a  C  e  B  such  that  B  d  (X  -  C)  .  Hence  by  9»l8  (ii), 

<\,  < 

B  (X  -  C)  .  Therefore  B  c  C  ,  and  B  €  B  . 

(9-21)  Lemma .  Every  compact  subset  of  a  local  proximity  space  is  bounded. 

Proof.  Since  every  local  proximity  space  is  locally  bounded, 
we  simply  apply  Theorem  (9 .6). 

(9.22)  Lemma.  Let  (X,a,B)  be  a  local  proximity  space  and  define  5 

■  -  -  1  1  r\j 

as  in  Theorem  (9. 17)*  If  X  is  unbounded,  then  cr  =  [A  l  A  ^  B^}  is 
a  cluster  in  (X,5)  . 

Proof.  By  the  definition  of  5  ,  any  two  sets  in  c  are 
near.  From  9.I3  (v),  it  follows  that  if  A  6  C  for  every 


. 
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C  €  cr  ,  then  A  €  cr  .  If  A  ^  cr  then  B  ^  cr  ,  then 

A  €  B  and  B  e  B  .  Hence  (A  U  B)  €  B  ,  i.e.  (A  U  B)  i  a  . 

r\j  ' 

So  cr  is  a  cluster. 

We  now  turn  our  attention  to  the  local  compactif icat ion  of  a 
local  proximity  space.  This  could  be  done  by  considering  the  space  of 
all  bounded  clusters  (i.e.  clusters  determined  by  bounded  ultrafilters) 
and  defining  a  suitable  topology  on  this  space.  Since  a  compactif ication 
of  a  proximity  space  has  already  been  constructed  in  Section  7>  and  by 
Theorem  (9.I7)  a  proximity  space  is  always  associated  with  a  local 
proximity  space,  this  local  compactif ication  can  be  performed  more 
easily . 

(9.23)  Theorem.  Given  a  local  proximity  space  (X,a,.B)  ,  there  exists 

a  locally  compact  Hausdorff  space  L  and  a  one-to-one  map  f  :  X  -»  L 
satisfying  the  following  conditions: 


(i) 

A  a  B 

iff 

f (A)  n  f(B)  /l  (f  in  L  . 

(ii) 

B  e  B 

iff 

f(B)  is  compact  in  L  . 

(iii) 

f(X)  = 

L  . 

Such  a  local  compact  if ication  is  unique;  that  is,  given 

f  ;  X  -» L  (i  =  1,2)  satisfying  the  above  conditions,  there  exists 
i  i  7 

a  homeomor phism  h  from  onto  such  that  f^  =  h  o  f^  „  The 

function  f  is  onto  iff  X  is  boundedly  compact.  L  is  compact  iff 
X  is  bounded.  Conversely,  if  we  are  given  a  mapping  f  *.  X  -» L  and 
a,  B  are  defined  by  (i)  and  (ii)  above,  then  (X,a,IS)  is  a  local 


proximity  space. 


■ 


■ 
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(9.24) 


Proof .  Let  5  be  the  Alexandroff  extension  of  a 
(Theorem  (9.I7)).  Let  (f,X)  be  the  Smirnov  compact  if ication 
of  (X,5)  (Theorem  (7.7));  i.e.  X  is  a  compact  Hausdorff 
space,  A  5  B  iff  f (a)  n  'f(B)  /  d>  ,  and  f (x)  =  X  .  If 

X  is  bounded,  6  =  a  and  L  =  X  .  So  we  need  only  consider 

the  case  for  which  X  i  B  .  Now  X  consists  of  all  clusters 

I  ro 

in  X  and  so,  by  Lemma  (9.22),  a  =  fA  !  A  i  B)  e  X  .  Clearly 
c  =  (A  :  o’  e  f(A)}  .  In  other  words,  B  €  B  iff  f(B)  c  (X  -fcr}) 
Let  L  =  X  -  (x)  .  Then  L  is  locally  compact  and  Hausdorff. 

Since  [x]  e  B  for  each  x  e  X  ,  f(X)  ci  L  .  One  can  now 

readily  see  that  9*23  (ii)  and  (iii)  follow.  Now  a  and  5 
are  locally  equivalent  and,  by  9*12  (b),  if  A  a  B  we  may 
take  A  €  B  and  B  e  B  .  As  a  result  we  obtain  9*23  (i). 

t\j  r\, 

For  every  q  e  L  ,  there  exists  a  B  e  B  such 
that  q  €  f(B)  . 

Since  L  is  locally  compact,  q  has  a  compact 
neighbourhood  Q  .  By  9.23  (ii),  B  =  f  1(q)  is  bounded 
and  q  e  f(B)  . 

We  now  prove  uniqueness.  Let  X^  =  L^  U  {o\}  be 
the  one-point  compactif ication  of  L^  .  Then  (f^,X^)  is 
the  Smirnov  compactif ication  of  (X,&)  .  By  Theorem  (7«7)> 
the  Smirnov  compactif ication  is  unique  and  there  is  a 
homeomorphism  h  from  X^  onto  X^  such  that  h  o  f^  =  f^  . 

It  suffices  to  show  that  h(cr^)  =  c . 


If  B  is  a  bounded 


V 


x 


' 
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set  in 
contain 
=  fg(B) 
That  f 


X  ,  f ^ (B )  is  a  compact  subset  of  which  does  not 

<x^  .  Since  h  is  a  homeomorphism,  h(cr^)  4  h  ( (B ) ) 
.  Hence  by  (9.24),  h(o’1)  4  L2  >  l-e-  h(°'1)  =  a2  • 

is  one-to-one  follows  from  9*23  (i). 


If  f  is  onto  and  B  is  a  closed  bounded  set  in 
X  ,  we  must  show  that  B  is  compact.  By  9*23  (ii),  it 
suffices  to  show  that  f(B)  is  closed  in  f(X)  .  Now  by 
9.23  (i),  f(x)  e  f(B)  iff  x  €  B  .  Since  B  is  closed, 
f(x)  €  f(B)  iff  x  e  B  ,  i.e.  f(x)  e  f(B)  .  Hence  f(B) 
is  closed. 


Conversely,  suppose  that  X  is  boundedly  compact 
and  that  q  €  L  .  Choose  B  as  in  (9.24).  We  may  assume 
that  B  is  closed  or,  in  other  words,  compact.  But  f  is 
continuous  by  9*23  (i),  so  that  f(B)  is  also  compact. 
Hence  q  e  f(B)  ,  and  f  is  onto. 


The  proof  of  the  remainder  of  the  theorem  is  routine. 

We  next  prove  an  analogue  of  Theorem  (7.IO)  on  extensions  of 
proximity  mappings. 


Definition.  Let  (X.,a.,B.)  (i  =  1,2)  be  two  local  proximity 

-  L  1 

spaces  and  f  :  X^X^  be  a  function.  Then  f  is  a  local  proximity 
mapping  iff: 


(i)  A  a1  B  implies 
(ii)  B  e  B.  implies 


f(A)  a2  f(B)  . 
f(B)  €  B2  . 


(9.25) 


■ 
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It  is  easy  to  see  that  the  composition  of  two  local  proximity 
mappings  is  a  local  proximity  mapping .  Moreover,  a  local  proximity 
mapping  carries  bounded  clusters  into  bounded  clusters. 


(9«26)  Theorem,,  Let  (X,,a.,B.)  (i  =  1,2)  be  two  local  proximity  spaces 

i  L  ,"'->i 

with  local  compactifications  (f  ,L  )  (i  =  f  ’  X^  -» X^  is 

a  local  proximity  mapping,  then  there  exists  a  unique  continuous  mapping 
h  ->L^  such  that  h  o  =  f  o  f  .  Conversely,  if  h  “  X^  -*  X^ 

is  continuous  and  h  o  f^(X^)  c  f^(X^)  ,  then  the  mapping  f  =  o  h  o  f^  l 
X^  -> X^  is  a  local  proximity  mapping. 

Proof „  The  details  of  this  proof  are  left  to  the  reader. 

One  first  extends  the  function  f  to  a  function  f  l  X  -*  X  , 
and  then  takes  the  restriction  of  f  to  as  h  . 


•  '*  O  J  i  rad  d  -j* 


NOTES 


A  thorough  treatment  of  ultrafilters  may  be  found  in  Gaal  [C],  for  example. 
Clusters  were  introduced  by  Leader  [48],  Relationships  between  clusters 
and  ultrafilters  are  given  in  Leader  [49]  and  Mrowka  [67],  the  latter 
presenting  the  axiomatic  characterization  of  the  family  of  all  clusters 
in  a  proximity  space.  The  treatment  presented  here  is  due  to  Warrack 
and  Naimpally  [105]o  A  weak  form  of  Theorem  (5«8)  is  implicitly  contained 
in  the  aforementioned  paper  of  Mrowka* 

This  section  owes  its  existence  to  the  work  of  Leader  [50].  An  excellent 
survey  of  centered  systems  in  topological  spaces  has  recently  been 
published  by  Iliadis  and  Fomin  [G]*  The  centered  system  is  a  subbase 
for  a  filter,  and  is  generally  used  by  the  Russian  school  in  place  of 
the  filter.  The  concept  of  an  end  was  originated  by  Alexandroff  [A], 
while  both  Freudenthal  [B]  and  Alexandroff  [A]  defined  a  round  filter, 
Smirnov  [88]  then  used  these  devices  in  his  proximal  extension  theory* 
Alexandroff  originally  defined  an  end  in  a  Tychonoff  space  X  using 
such  terms  as  ‘centered  system"  and  "completely  regular  system'  *  In 
filter  terminology,  he  would  define  an  end  to  be  a  maximal  completely 
regular  filter,  the  latter  being  a  maximal  filter  with  an  open  base  B 
such  that  for  each  B  e  B,  there  exists  an  A  e  B  with  A  c  B  and  a 

r\j 7  r'~’ 

continuous  function  f  :  X  -»  [0,1]  such  that  f(A)  =  0  and  f(X  -  B)  =  1 
Clearly,  this  definition  of  an  end  coincides  with  that  of  Smirnov  (see 
(6,4))  when  the  proximity  in  question  is  that  defined  by  (1*11)* 


. 


. 


■ 
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§y.  A  general  treatment  of  compactifications  can  be  found  in  Kelley  [H] . 

For  an  account  of  n-point  compactifications,  the  reader  is  referred  to 
Magill  [l].  The  results  on  proximal  extensions  are  due  to  Smirnov  [88], 
who  was  the  first  to  expose  the  relationship  between  proximities  and 
compactifications,  which  he  effected  using  ends.  The  construction  of 
the  Smirnov  compactif ication  presented  here  is  a  modification  of  the 
method  of  Leader  [48].  Equinormal  proximity  spaces  were  first 
investigated  by  Pervin  [78].  For  a  discussion  of  unif ormizable 
spaces  with  a  unique  uniformity  (and  hence  a  unique  proximity),  refer 
to  Gal  [D]. 

§8.  The  material  in  this  section  was  taken  from  Csaszar  and  Mrowka  [13]° 
Taking  advantage  of  the  Smirnov  compactification  constructed  in  the 
previous  section,  a  few  proofs  have  been  simplified.  The  topological 
theorem  used  in  the  proof  of  (8.I7)  can  be  found  on  Page  91 
Kelley  [H]. 

§9.  A  comprehensive  study  of  boundedness,  on  which  is  based  the  first 

part  of  this  section,  was  carried  out  by  Hu  [ F ] .  Local  proximity  spaces 
were  recently  defined  by  Leader  [54]  » 


■ 


■ 


. 


■ 
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CHAPTER  III 

PROXIMITY  AND  UNIFORMITY 

§10.  Proximity  Induced  by  a  Uniformity. 

In  this  chapter,  we  shall  study  questions  concerning  the 
relationship  between  uniform  structures  and  proximity  structures. 

Proximity  structures  lie  between  topological  structures  and  uniform 
structures  in  the  sense  that  all  topological  invariants  are  proximity 
invariants  and  all  proximity  invariants  are  uniform  invariants;  how¬ 
ever  some  uniform  invariants,  such  as  total  boundedness  and  completeness, 
are  not  proximity  invariants. 

Uniform  structures  were  first  defined  by  Weil  as  collections 
of  subsets  of  X  X  X  satisfying  certain  conditions.  Tukey  later 
provided  an  alternate  description  of  a  uniform  structure,  regarding  it 
as  a  collection  of  covers  of  X  satisfying  certain  conditions.  Although 
we  shall  adhere  to  the  Weil  approach  here,  it  should  be  noted  the  Tukey1 s 
method  is  widely  used  by  the  Russian  school. 

(10.1)  Definition.  A  uniform  structure  (or  uniformity)  U  on  a  set  X 

is  a  collection  of  subsets  (called  entourages )  of  X  x  X  satisfying 
the  following  conditions: 

(i)  Every  entourage  contains  the  diagonal  A  =  ((x,x)  i  x  e  X]  . 
(ii)  If  U  e  U  and  V  e  U  ,  then  U  n  V  e  U  . 


. 


■ 


. 
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(iii)  Given  U  e  U  ,  there  exists  a  V  e  U  such  that  V  o  V  c  U 

''U 

(triangle  inequality). 

(iv)  If  U  6  U  and  U  c  V  c  X  x  X  ,  then  V  €  U  . 

(v)  If  U  e  U  ,  then  U*1  e  U  . 


Just  as  we  defined  a  (pseudo-)  metric  proximity  in  Section  1, 
it  is  possible  to  define  a  (pseudo-)  metric  uniformity.  Given  a 
(pseudo-)  metric  d  on  X  ,  let  U£  =  ((x,y)  e  Xx  X  :  d(x,y)  <  e)  . 
Then  the  collection  (U  l  e  >  o]  is  a  base  for  the  (pseudo-)  metric 
uniformity  induced  by  d  . 

It  can  be  shown  that  for  each  x  €  X  ,  [U[x]  :  U  e  U}  is  a 

neighbourhood  filter.  Thus  U  generates  a  topology  t  =  t(U)  on  X  . 

As  is  well-known,  this  topology  is  always  completely  regular. 

If  U  satisfies  the  additional  condition 

<-o 

(vi)  n  u  =  A  , 

U  e  U 

then  U  is  called  a  Hausdorff  or  separated  uniformity.  In  this  case, 
t(U)  is  Tychonoff.  Conversely,  every  (Tychonoff)  completely  regular 
space  (X, t)  has  a  compatible  (separated)  uniformity,  i.e.  a  uniformity 
U  such  that  t  =  t(u)  .  Every  uniformity  has  a  base  consisting  of  open 
(closed)  symmetric  members,  and  it  is  frequently  more  convenient  to  work 
with  such  a  base  for  U  rather  than  with  U  itself. 

r\j  r\j 


Theorem.  Every  uniform  space  (X,U)  has  an  associated  proximity 

1  j  'V 

6  =  5(u)  defined  by 


(10.2) 


9,  ( 


. 


. 


' 
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(10.3)  A  5  B  iff  (AxB)nU^  for  every  U  €  U  . 

Furthermore,  t(u)  =  t(5)  •  If  U  is  separated,  then  so  is  5(U)  • 

Proof .  All  the  axioms  for  a  proximity,  except  perhaps  (1.4), 
are  easily  verified.  To  verify  (1.4),  suppose  A  p  B  .  Then 
there  is  an  entourage  U  and  that  (A  X  B)  f|  U  =  p  .  Hence 
by  10.1  (v),  there  exists  an  entourage  V  such  that  V  o  V  c:  U  . 

Let  E  =  V [ B  ]  .  Then  (A  x  E)  fl  V  =  p  and  ( (X  -  E )  X  B )  f)  V  =  0  , 
i.e.  A  p  E  and  (X  -  E)  p  B  .  To  show  that  t(6)  =  t(U)  , 
we  observe  that  x  is  in  the  t(U)  -  closure  of  A  iff 
x  e  U[A]  for  every  entourage  U  iff  (x  x  A)  f)  U  p  p  for 

every  entourage  U  iff  x  5  A  ,  i.e.  x  is  in  the  t(5)- 

closure  of  A  .  Finally,  suppose  that  U  is  separated.  If 
x  6  y  ,  then  (x,y)  f|  U  p  p  for  every  entourage  U  .  In 

particular,  (x,y)  fl  A  p  p  ,  so  that  x  =  y  .  Thus  5  is 

separated . 

(10.4)  Remarks .  (i)  Instead  of  using  (10.3),  5  could  equivalently  be 

defined  by 

A  6  B  iff  U[ A]  fl  U[B]  p  p  for  every  U  e  U  , 

or 

A  6  B  iff  U[A]  n  B  p  p  for  every  U  e  U  . 

Definition  (10.3)  has  been  chosen  and  care  has  been  taken  in  writing 
the  above  proof,  because  the  proof  in  this  form  will  essentially  go 
through  if  we  are  dealing  with  quasi-uniformities  and  quasi-proximities. 


. 

'  3  n  [t 
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(ii)  Two  different  uniformities  on  X  may  induce  the  same 

proximity  6  on  X  .  For  example,  let  X  be  the  real  line  and  U, 

~1 

be  the  usual  metric  uniformity.  Let  U  be  the  subspace  uniformity  on 
X  induced  by  the  (unique)  uniformity  of  its  Smirnov  compactification. 
Clearly,  and  induce  the  same  (metric)  proximity  on  X  .  How¬ 
ever,  since  is  not  totally  bounded  whereas  is  totally  bounded, 

U,  and  U0  are  different. 

'Vl  'Xid 


(iii)  It  is  possible  for  different  uniformities  on  X  to 
induce  the  same  topology  and  yetr  induce  different  proximities  on  X  . 
This  becomes  immediately  clear  by  recalling  the  proximities  defined  in 
Remarks  (2.18)  and  considering  the  subspace  uniformities  induced  by  the 
Smirnov  compac tif ications  of  X  corresponding  to  5^  and  6^  . 


(iv)  Since  every  (Tychonoff)  completely  regular  space 
has  a  compatible  (separated)  uniformity,  the  above  theorem  gives  an 
alternate  proof  of  the  fact  that  every  (Tychonoff)  completely  regular 
space  has  a  compatible  (separated)  proximity.  The  reader  should  note 
the  incompatible  use  of  the  term  "compatible".  It  is  hoped  that  in  each 
case  the  meaning  will  be  clear  from  the  context. 


(v)  It  should  be  noted  that  the  triangle  inequality 
corresponds  to  the  Strong  Axiom. 

Given  a  subset  A  of  X  and  an  entourage  U  ,  U [ A]  may  be 
called  a  "uniform  neighbourhood"  of  A  .  The  following  result  explains 
the  application  of  this  term  to  a  subset  B  when  B  »  A  . 


■ 


,  •  J 

•  • 
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(10.5) 


(10.6) 


(10.7) 


(10.8) 


Theorem.  Let  (X,U)  be  a  uniform  space  and  let  6  =  b(u)  .  Then 

r\j  'r\j 

A  «  B  if  and  only  if  there  is  an  entourage  U  such  that  U[A]  c  B  . 

Proof.  A  «  B  iff  A  p  (X  -  B)  iff  (Ax  (X  -  B))  f|  U  =  0 

for  some  U  €  U  .  But  the  last  statment  is  equivalent  to 
U[A]  c  B  . 

Remark.  The  above  result  suggests  an  alternate  definition  of  the 
associated  proximity  relation,  as  A  «  B  iff  U [ A]  c  B  for  some  U  €  U  . 

'■v 

Theorem.  If  U.  c  U0  ,  then  6  <  50  where  6.  =  6(U. )  for 

-  '  1  d  1  ~i 

i  =  1,2. 

Proof.  A  p,  B  implies  the  existence  of  a  U,  e  U,  such 
-  '1  i 

that  (A  X  B)  n  U  =  p  .  But  e  ,  and  thus  A  p  B  . 

Theorem.  If  f  l  (X,U.,  )  ->  (Y,U0)  is  uniformly  continuous,  then 

'  r\j  J-  r\j(d. 

f  :  (X,6^)  -»  (Y,&^)  Is  proximally  continuous  where  6_^  =  b(U^)  for 
i  =  1,2. 


Proof.  Suppose  on  the  contrary  that  A  6^  B  ,  but 
f (A)  p2  f (B )  .  Then  there  exists  a  Ug  e  such  that 
(f(A)  X  f(B))  fl  Ug  =  p  .  Since  f  is  uniformly  continuous, 
there  exists  a  U,  €  U,  such  that  (x,y)  e  U  implies 
( f  (x) ,  f  (y ) )  €  U2  .  But  A  B  ,  so  that  (A  X  B)  fl  ^  /  )2I 
implies  ( f (A)  X  f(B))  (1  /  p  ,  a  contradiction. 
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(10.9)  Remarks .  The  converse  of  the  above  theorem  is  not  true. 

Consider  the  identity  mapping  i  :  (X,U  )  -*  (X,IL )  where  X,  U.  and 

7  I\j£  7'V>1  '"vl 

U0  are  defined  as  in  10.4  (ii).  Then  i  is  a  proximity  mapping 

rV-»£. 

from  (X,6)  onto  itself,  but  i  is  not  uniformly  continuous.  However, 
a  proximity  mapping  is  uniformly  continuous  under  certain  conditions: 
for  example,  when  the  uniformity  of  the  domain  space  is  pseudo-metrizable, 
or  that  of  the  range  space  is  totally  bounded.  Moreover,  given  a 
proximity  mapping  f  :  (X,6^)  -»  (¥,6^)  and  a  uniformity  on  Y 

such  that  5  =  5(U  )  ,  there  exists  a  uniformity  U-  on  X  such 

that  6.  =  6(11,)  and  f  :  (X,IL  )  -»  (Y,U  )  is  uniformly  continuous. 


. 


-  93  - 


§11 .  Completion  of  a  Uniform  Space  by  Cauchy  Clusters 

Let  (X,U)  be  a  uniform  space  and  6  =  5(u)  .  We  have  seen 
(Theorem  (5*8))  that  every  ultrafilter  in  a  proximity  space  generates  a 
cluster  and  that  given  a  set  A  in  a  cluster  cr  ,  there  exists  an 
ultrafilter  containing  A  which  generates  cr  .  It  therefore  seems 
natural  to  call  a  cluster  Cauchy  if  it  is  generated  by  a  Cauchy  ultra¬ 
filter.  One  can  readily  convince  oneself  that  every  Cauchy  cluster  is 
a  point  cluster,  i.e.  one  which  is  determined  by  a  point  of  X  or  of 
its  completion.  The  neighbourhood  system  of  the  point  will  contain 
arbitrarily  ’'small"  sets  which  intersect  every  member  of  the  cluster. 

This  leads  to  the  following  definition  of  a  Cauchy  cluster,  which  is 
equivalent  to  the  above  (as  will  be  seen  later),  but  is  easier  to  work 
with.  Throughout  this  section,  we  shall  suppose  that  U  is  an  open 
symmetric  base  for  a  uniformity. 


(11. 1)  Definition.  A  cluster  cr  in 

a  filter  M  c  or  such  that  for  every 

'"U 

such  that  M  x  M  c  U  and  M  f|  C  ft 


(X,U,5)  is  Cauchy  iff  there  exists 
U  €  U  ,  there  exists  an  M  €  M 
for  every  C  e  cr 


(11.2)  Remarks.  (i)  Every  point  cluster  in  X  is  Cauchy. 

(ii)  If  a  cluster  is  Cauchy,  then  every  ultrafilter  which 
generates  it  is  Cauchy  . 

The  following  definition  is  easily  seen  to  be  equivalent  to  the 


usual  one. 


- 


c  it  y  lini 
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(ll»3)  Definition.  A  uniform  space  (X,U)  is  complete  iff  every  Cauchy 

cluster  in  (X,U,5)  is  a  point  cluster  cr  for  some  x  e  X  . 

~  x 

(11.4)  Lemma .  A  closed  subspace  Y  of  a  complete  uniform  space  (X,U) 

is  complete. 


Proof.  The  trace  U„  =  fU  fl  Y  X  Y  !  U  e  Ul  of  U  on  Y 

is  a  base  for  the  subspace  uniformity  on  Y  .  If  cr^  is 

any  Cauchy  cluster  in  Y  ,  then  a  slight  modification  of 

the  proof  of  Theorem  (5. 17)  shows  that  cr  is  a  subclass  of 

a  unique  Cauchy  cluster  cr^  in  X  .  Since  X  is  complete, 

ov,  =  cr  for  some  x  e  X  .  But  x  5  B  for  every  B  €  cr. 

2  x  1 

and  since  Y  is  closed,  x  €  Y  .  Therefore  (x)  e  cr^  . 


Let  f  be  a  mapping  which  associates  with  each  point  x  €  X  , 
the  point  cluster  cr  .  Then  f  is  a  one-to-one  mapping  of  X  onto  the 

X 

* 

space  f(X)  of  all  point  clusters.  Let  X  denote  the  set  of  all 
Cauchy  clusters  in  X  .  From  11.2  (i),  it  follows  that  f(x)  c  X 


Let  M(or)  be  a  filter  in  cr  such  that 


* 

(i)  MflC/j2i  for  every  M  €  M  and  every  C  e  cr  e  X  , 


and 


(ii)  For  every  U  e  U  ,  there  exists  an  M  e  M  such 


that  M  x  M  c  U  . 


For  each 


U  e  U  ,  define 

U  =  {(cr  ,cr  )  e  X  x  X  :  there  exists  M  €  M(<j ^ ) , 

i 

N  e  M(cr  )  such  that  M  x  N  c  U)  . 

*v>  2 


. ' 


. 


■ 


. 
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(11.5) 


Lemma 


U 


* 


* 


=  [U  o  U  e  U)  is  a  uniformity  base  on  X 


* 


Proof  o  Every  U  obviously  contains  the  diagonal,  and 

there  exists  a 


,  *  * 
(u  n  v)  c  u  n  v 


*  * 

Given  U  €  U 


^  ^  y 

V  e  U  such  that  V  o  V  c  U  .  That  V  o  V  c  U  follows 

*\j 

from  the  following  argument"  if  (o\.,or0)  €  V  o  V  ,  then 

there  exists  a  cr  €  X  -  such  that  (a^.c t  )  e  V  and 

(cr  ,(J  )  €  V  .  Hence  there  exists  an  A  €  M(cr  )  ,  B  e  M(cr  ) 

J  C.  'Xi  1  'Xi  cL 

and  C’,C"  €  M(cr  )  such  that  A  X  C1  c  V  and  C"  X  B  c  V  . 

~  3 

Letting  C  =  C(  f]  C"  €  M(cr  ),  we  have  A  X  C  c  V  and 

~  3 

C  X  B  c  V  o  Hence  AxBcVoVcU,  which  implies 
(c71,a2)  e  U*  . 


(11.6) 


Lemma 


f(x)  is  a  dense  subset  of  X 


Proof.  Given  any  cr  e  X  and  any  U  e  U  ,  we  must  show 
that  (f(x)  x  O')  D  U  ^  ft  .  Choose  V  €  U  such  that 
V  o  V  o  V  c  U  .  Since  cr  is  Cauchy,  there  exists  an 
M  e  M(cr)  since  that  M  x  M  c  V  .  Then  V[M]  x  V[M]  c  U  . 
Since  V[M]  is  open  (recall  V  is  open  and  symmetric),  we 
can  choose  a  point  p  €  V[M]  and  a  W  e  U  such  that 
W[p]  c:  V[M]  .  Then  W[p]  X  W[p]  c  U  ,  where  W[p]  e  M(crp) 
and  V[M]  c  H(cr)  .  Therefore  (cr  , cr)  e  U  where  cr  e  f(X)  „ 

'Xt  P  P 


*  *  * 
Let  5  be  the  natural  proximity  induced  by  U  on  X  . 

The  restriction  of  U'  to  f(X)  is  a  uniformity  base  on  f(X) 

and  so  induces  the  natural  proximity  6f  on  f(X). 


- 
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(11.7) 


-ft 

Lemma ,  (X,U,5/|  and  (f (X),U^,5^)  are  proximally  isomorphic. 


Proof „  Clearly  f  is  one-to-one  and  onto.  Suppose  A  5  B  , 

* 

Given  Uf  ,  we  must  show  that  (f(A)  X  f (B) )  D  U  /  p  .  Now 

there  exists  a  €  A,  b  e  B  such  that  (a,b)  e  V  ,  Then 

V[a]  x  V[b]  c  U  and  the  point  clusters  cr  and  cr,  are 

a  b 

#  -ft 

such  that  (cra,crb)  eUf  ,  On  the  other  hand,  if  f(A)  6  f(B), 

*  * 
then  for  each  U_  there  exists  a  (cr  .or,  )  e  U  where 

t  a  b  f 

crfl  €  f(A)  and  cr^  e  f(B)  ,  So  (a,b)  e  U  ,  which  means 
that  (A  x  B)  n  U  ^  0  for  all  U  e  U  . 

*\j 


It  may  similarly  be  proved  that  (X,u)  and  (f(X),U,-)  are 


uniformly  isomorphic 


(11.8) 


*  *  * 

Lemma,  Every  Cauchy  cluster  in  (X  ,U  ,6  )  has  a  point 


*ft  "ft 

Proof,  Let  <x  be  any  Cauchy  cluster  in  X  ,  Since  f(X) 


is  dense  in  X 


a  slight  modification  to  the  proof  of 


Theorem  (5d6)  shows  that  c  determines  a  unique  Cauchy 

/  \  * 

cluster  a1  in  f(X)  such  that  cr’  c  cr  „  But  cr 1  is 

isomorphic  to  a  Cauchy  cluster  cr  in  X  ,  In  order  to  show 

* 

that  cr  e  cr  ,  it  is  sufficient  to  verify  that  for  each 

•ft  -ft  -ft  -ft 

U  e  U  and  each  M  €  or*,  (cr  X  M)  fl  U  /  0  .  Given  U  e  U  , 

there  exists  a  V  e  U  and  C  €  M(cr)  such  that  V  o  V  o  V  c  U 

and  C  X  C  c  V  .  Then  V[C]  X  V[C]  c  U  .  Letting  Mq  = 

V[C]  n  f"1(M)  we  have  M  €  cr  since  V[C]  €  M(cr), 


f ~*(M)  €  cr  ,  and  we  can  find  an  ultrafilter  containing  both 
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V[  C  j  and  f  (M)  which  generates  cr  „  Choose  a  point  p  €  M 

o 

Since  V[C]  is  open,  there  exists  a  W  e  U  such  that 
W[p]  ci  V [ C ]  0  Hence  we  have  W[p]  x  V[C]  c;  U  where 

W[p]  e  M(cr  ),  V[C]  €  M(ct)  and  cr  e  M  .  Thus  (a  ,cr)  e  U 

~  p  p  v  p7  ' 

and  (o'  X  M)  fl  U*  /  0  , 

Jfc  y.  y. 

The  above  result  shows  that  (X  ,U  ,6  )  is  complete^  for  if 
F  is  any  Cauchy  filter  in  X  ,  then  F  is  contained  in  a  Cauchy 

r\j 

ultrafilter o  This  ultrafilter  generates  a  Cauchy  cluster  which,  by 

Lemma  (11  <>8),  must  be  a  point  cluster  cr  for  some  x  €  X  „  Clearly 

o 

x  is  a  cluster  point  of  the  Cauchy  filter  F  ,  and  thus  F  converges 

O  >\j 

to  X 

o 

Finally,  we  remark  that  every  Cauchy  cluster  in  X  is  generated 

by  the  Cauchy  ultrafilter  containing  the  neighbourhood  filter  of  a  point 

*  * 

which  is  either  in  X  or  in  X  (If  the  point  is  in  X  ,  considerr 
the  trace  of  its  neighbourhood  filter  on  X  c)  Hence  the  Definition  (lid) 
is  equivalent  to:  a  cluster  is  Cauchy  iff  it  is  generated  by  a  Cauchy 


ultrafilter „ 


' 
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NOTES 


§10.  The  definition  of  a  uniformity,  as  given  in  this  section,  is  due  to 
Weil  [ K ] .  That  every  such  uniformity  has  a  base  consisting  of  open 
symmetric  members  is  proved  on  page  179  of  Kelley  [H]„  Smirnov  [88] 
was  the  first  to  investigate  the  relationships  between  proximity 
spaces  and  uniform  spaces,  although  he  worked  with  uniform  structures 
defined  by  systems  of  uniform  coverings.  This  equivalent  method  of 
defining  a  uniformity  was  earlier  employed  by  Tukey  [J].  Further 
work  concerning  the  connection  between  uniformity  and  proximity  was 
carried  out  by  Gal  [25]  and  by  Alfsen  and  Fenstad  [4]  using  Weil's 
uniform  structures.  Ramm  gave  the  first  example  of  two  different 
uniform  structures  inducing  the  same  proximity. 

§11.  This  section  owes  its  existence  to  the  work  of  Warrack  and  Naimpally 
[106].  Definition  (11.3)  is  equivalent  to  the  usual  one;  namely,  a 
uniform  space  is  complete  iff  every  Cauchy  filter  in  the  space 
converges  to  some  point  of  the  space. 


. 


. 


. 
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